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Abstract
We develop the method of anholonomic frames with associated nonlinear connec-
tion (in brief, N–connection) structure and show explicitly how geometries with lo-
cal anisotropy (various type of Finsler–Lagrange–Cartan–Hamilton geometry) can be
modeled in the metric–affine spaces. There are formulated the criteria when such gen-
eralized Finsler metrics are effectively induced in the Einstein, teleparallel, Riemann–
Cartan and metric–affine gravity. We argue that every generic off–diagonal metric
(which can not be diagonalized by coordinate transforms) is related to specific N–
connection configurations. We elaborate the concept of generalized Finsler–affine
geometry for spaces provided with arbitrary N–connection, metric and linear connec-
tion structures and characterized by gravitational field strengths, i. e. by nontrivial
N–connection curvature, Riemannian curvature, torsion and nonmetricity. We ap-
ply a irreducible decomposition techniques (in our case with additional N–connection
splitting) and study the dynamics of metric–affine gravity fields generating Finsler
like configurations. The classification of basic eleven classes of metric–affine spaces
with generic local anisotropy is presented.
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1 Introduction
Brane worlds and related string and gauge theories define the paradigm of modern physics
and have generated enormous interest in higher–dimensional spacetimes amongst particle
and astrophysics theorists (see recent advances in Refs. [1, 2, 3] and an outline of the gauge
idea and gravity in Refs. [4, 5]). The unification scheme in the framework of string/
brane theory indicates that the classical (psedo) Riemannian description is not valid on
all scales of interactions. It turns out that low–energy dilaton and axi–dilaton interactions
are tractable in terms of non–Riemannian mathematical structures possessing in particular
anholonomic (super) frame [equivalently, (super) vielbein] fields [6], noncommutative ge-
ometry [7], quantum group structures [8] all containing, in general, nontrivial torsion and
nonmetricity fields. For instance, in the closest alternatives to general relativity theory, the
teleparallel gravity models [9], the spacetime is of Witzenbock type with trivial curvature
but nontrivial torsion. The frame or coframe filed (tetrad, vierbein, in four dimensions, 4D)
is the basic dynamical variable treated as the gauge potential corresponding to the group
of local translations.
Nowadays, it was established a standard point of view that a number of low energy
(super) string and particle physics interactions, at least the nongravitational ones, are
described by (super) gauge potentials interpreted as linear connections in suitable (super)
bundle spaces. The formal identity between the geometry of fiber bundles [10] is recognized
since the works [11] (see a recent discussing in connection to a unified description in of
interactions in terms of composite fiber bundles in Ref. [12]).
The geometry of fiber bundles and the moving frame method originating from the E.
Cartan works [6] constitute a modern approach to Finsler geometry and generalizations
(also suggested by E. Cartan [13] but finally elaborated in R. Miron and M. Anastasiei
works [14]), see some earlier and recent developments in Refs. [15, 16, 17, 18, 19]. Various
type of geometries with local anisotropy (Finsler, Lagrange, Hamilton, Cartan and their
generalizations, according to the terminology proposed in [14]), are modeled on (co) vector
/ tangent bundles and their higher order generalizations [21, 20] with different applications
in Lagrange and Hamilton mechanics or in generalized Finsler gravity. Such constructions
were defined in low energy limits of (super) string theory and supergravity [22, 23] and
generalized for spinor bundles [24] and affine– de Sitter frame bundles [25] provided with
nonlinear connection (in brief, N–connection) structure of first and higher order anisotropy.
The gauge and moving frame geometric background is also presented in the metric–affine
gravity (MAG) [4]. The geometry of this theory is very general being described by the two–
forms of curvature and of torsion and the one–form of nonmetricity treated respectively as
the gravitational field strengths for the linear connection, coframe and metric. The kine-
matic scheme of MAG is well understood at present time as well certain dynamical aspects
of the vacuum configurations when the theory can be reduced to an effective Einstein–Proca
model with nontrivial torsion and nonmetricity [26, 27, 28, 29]. There were constructed
a number of exact solutions in MAG connecting the theory to modern string gravity and
another extra dimension generalizations [30, 31, 32]. Nevertheless, one very important as-
pect has not been yet considered. As a gauge theory, the MAG can be expressed with
respect to arbitrary frames and/or coframes. So, if we introduce frames with associated
N–connection structure, the MAG should incorporate models with generic local anisotropy
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(Finsler like ones and their generalizations) which are distinguished by certain prescrip-
tions for anholonomic frame transforms, N–connection coefficients and metric and linear
connection structures adapted to such anholonomic configurations. Roughly speaking, the
MAG contains the bulk of known generalized Finsler geometries which can be modeled
on metric–affine spaces by defining splittings on subspaces like on (co) vector/ tangent
bundles and considering certain anholonomically constrained moving frame dynamics and
associated N–connection geometry.
Such metric–affine spaces with local anisotropy are enabled with generic off–diagonal
metrics which can not be diagonalized by any coordinate transforms. The off–diagonal
coefficients can be mapped into the components of a specific class of anholonomic frames,
defining also the coefficients of the N–connection structure. It is possible to redefine equiv-
alently all geometrical values like tensors, spinors and connections with respect to such
N–adapted anholonomic bases. If the N–connection, metric and linear connections are cho-
sen for an explicit type of Finsler geometry, a such geometric structure is modeled on a
metric–affine space (we claim that a Finsler–affine geometry is constructed). The point is
to find explicitly by what type of frames and connections a locally anisotropic structure
can be modeled by exact solutions in the framework of MAG. Such constructions can be
performed in the Einstein–Proca sector of the MAG gravity and they can be defined even
in general relativity theory (see the partners of this paper with field equations and exact
solutions in MAG modeling Finsler like metrics and generalizations [33]).
Within the framework of moving frame method [6], we investigated in a series of works
[34, 35, 36, 37] the conditions when various type of metrics with noncommutative symme-
try and/or local anisotropy can be effectively modeled by anholonomic frames on (pseudo)
Riemannian and Riemann–Cartan spaces [38]. We constructed explicit classes of such ex-
act solutions in general relativity theory and extra dimension gravity models. They are
parametrized by generic off–diagonal metrics which can not diagonalized by any coordinate
transforms but only by anholonomic frame transforms. The new classes of solutions de-
scribe static black ellipsoid objects, locally anistoropic configurations with toroidal and/or
ellipsoidal symmetries, wormholes/ flux tubes and Taub-NUT metrics with polarizied con-
stants and various warped spinor–soliton–dilaton configurations. For certain conditions,
some classes of such solutions preserve the four dimensional (4D) local Lorentz symmetry
but, in general, they are with violated Lorentz symmetry in the bulk.
Our ongoing effort is to model different classes of geometries following a general ap-
proach to the geometry of (co) vector/tangent bundles and affine–de Sitter frame bundles
[25] and superbundles [23] and or anisotropic spinor spaces [24] provided with N–connection
stuctures. The basic geometric objects on such spaces are defined by proper classes of an-
holonomic frames and associated N–connections and correspondingly adapted metric and
linear connections. There are examples when certain Finsler like configurations are modeled
even by some exact solutions in Einstein or Einstein–Cartan gravity and, inversely (the out-
going effort), by using the almost Hermitian formulation [14, 20, 24] of Lagrange/Hamilton
and Finsler/Cartan geometry, we can consider Einstein and gauge gravity models defined
on tangen/cotangent and vector/covector bundles. Recently, there were also obtained some
explicit results demonstrating that the anholonomic frames geometry has a natural connec-
tion to noncommutative geometry in string/M–theory and noncommutative gauge models
of gravity [36, 37] (on existing approaches to noncommutative geometry and gravity we cite
4
Refs. [7]).
We consider torsion fields induced by anholonomic vielbein transforms when the the-
ory can be extended to a gauge [5], metric–affine [4], a more particular Riemann–Cartan
case [38], or to string gravity with B–field [2]. We are also interested to define the condi-
tions when an exact solution possesses hidden noncommutative symmetries, induced tor-
sion and/or locally anisotropic configurations constructed, for instance, in the framework
of the Einstein theory. This direction of investigation develops the results obtained in
Refs. [35] and should be distinguished from our previous works on the geometry of Clif-
ford and spinor structures in generalized Finsler and Lagrange–Hamilton spacetimes [24].
Here we emphasize that the works [34, 35, 36, 37, 24] were elaborated following general
methods of the geometry of anholonomic frames with associated N–connections in vector
(super) bundles [14, 20, 23]. The concept of N–connection was proposed in Finsler geom-
etry [15, 17, 18, 19, 16, 13]. As a set of coefficients it was firstly present the E. Cartan’s
monograph[13] and then was elaborated in a more explicit form by A. Kawaguchi [39]. It
was proven that the N–connection structures can be defined also on (pseudo) Riemannian
spaces and certain methods work effectively in constructing exact solutions in Einstein
gravity [24, 34, 35].
In order to avoid possible terminology ambiguities, we note that for us the definition
of N–connection is that proposed in global form by W. Barthel in 1963 [40] when a N–
connection is defined as an exact sequence related to a corresponding Whitney sum of the
vertical and horizontal subbundles, for instance, in a tangent vector bundle. 1 This concept
is different from that accepted in Ref. [42] were the term ’nonlinear connection’ is used
for tetrads as N–connections which do not transform inhomogeneously under local frame
rotations. That approach invokes nonlinear realizations of the local spacetime group (see
also an early model of gauge gravity with nonlinear gauge group realizations [43] and its
extensions to Finsler like [25] or noncommutative gauge gravity theories [36]).
In summary, the aim of the present work is to develop a unified scheme of anholonomic
frames with associated N–connection structure for a large number of gauge and gravity
models (in general, with locally isotropic and anisotropic interactions and various torsion
and nonmetricity contributions) and effective generalized Finsler–Weyl–Riemann–Cartan
geometries derived from MAG. We elaborate a detailed classification of such spaces with
nontrivial N–connection geometry. The unified scheme and classification were inspired by
a number of exact solutions parametrized by generic off–diagonal metrics and anholonomic
frames in Einstein, Einstein–Cartan and string gravity. The resulting formalism admits
inclusion of locally anisotropic spinor interactions and extensions to noncommutative ge-
ometry and string/brane gravity [22, 23, 34, 35, 36, 37]. Thus, the geometry of metric–affine
spaces enabled with an additional N–connection structure is sufficient not only to model the
bulk of physically important non–Riemannian geometries on (pseudo) Riemannian spaces
but also states the conditions when effective spaces with generic anisotropy can be derived
as exact solutions of gravitational and matter field equations. In the present work we pay
attention to the geometrical (pre–dynamical) aspects of the generalized Finsler–affine grav-
1Instead of a vector bundle we can consider a tangent bundle, or cotangent/covector ones, or even
general manifolds of necessary smooth class with adapted definitions of global sums of horizonal and
vertical subspaces. The geometry of N–connections is investigated in details in Refs. [41, 14, 23, 24, 25] for
various type of spaces.
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ity which constitute a theoretical background for constructing a number of exact solutions
in MAG in the partner papers [33].
The article is organized as follows. We begin, in Sec. 2, with a review of the main con-
cepts from the metric–affine geometry and the geometry of anholonomic frames with associ-
ated N–connections. We introduce the basic definitions and formulate and prove the main
theorems for the N–connection, linear connection and metric structures on metric–affine
spaces and derive the formulas for torsion and curvature distinguished by N–connections.
Next, in Sec. 3, we state the main properties of the linear and nonlinear connections mod-
eling Finsler spaces and their generalizations and consider how the N–connection structure
can be derived from a generic off–diagonal metric in a metric–affine space. Section 4 is
devoted to the definition and investigation of generalized Finsler–affine spaces. We il-
lustrate how by corresponding parametrizations of the off–diagonal metrics, anholonomic
frames, N–connections and distinguished connections every type of generalized Finsler–
Lagrange–Cartan–Hamilton geometry can be modeled in the metric–affine gravity or any
its restrictions to the Einstein–Cartan and general relativity theory. In Sec. 5, we conclude
the results and point out how the synthesis of the Einstein, MAG and generalized Finsler
gravity models can be realized and connected to the modern string gravity. In Appendix we
elaborate a detailed classification of eleven classes of spaces with generic local anisotropy
(i. e. possessing nontrivial N–connection structure) and various types of curvature, torsion
and nonmetricity distinguished by N–connections.
Our basic notations and conventions combine those from Refs. [4, 14, 34, 35] and contain
an interference of traditions from MAG and generalized Finsler geometry. The spacetime
is modeled as a manifold V n+m of necessary smoothly class of dimension n+m. The Greek
indices α, β, ... can split into subclasses like α = (i, a) , β = (j, b) ... where the Latin indices
from the middle of the alphabet, i, j, k, ... run values 1, 2, ...n and the Latin indices from
the beginning of the alphabet, a, b, c, ... run values n + 1, n + 2, ..., n + m. We follow
the Penrose convention on abstract indices [44] and use underlined indices like α = (i, a) ,
for decompositions with respect to coordinate frames. The notations for connections Γαβγ,
metrics gαβ and frames eα and coframes ϑ
β , or other geometrical and physical objects, are
the standard ones from MAG if a nonlinear connection (N–connection) structure is not
emphasized on the spacetime. If a N–connection and corresponding anholonomic frame
structure are prescribed, we use ”boldfaced” symbols with possible splitting of the objects
and indices like Vn+m, Γαβγ =
(
Lijk, L
a
bk, C
i
jc, C
a
bc
)
, gαβ = (gij, hab) , eα = (ei, ea) , ...being
distinguished by N–connection (in brief, we use the terms d–objects, d–tensor, d–connection
in order to say that they are for a metric–affine space modeling a generalized Finsler, or
another type, anholonomic frame geometry). The symbol ” +” will be used is some formulas
which state that the relation is introduced ”by definition” and the end of proofs will be
stated by symbol .
2 Metric–Affine Spaces and Nonlinear Connections
We outline the geometry of anholonomic frames and associated nonlinear connections (in
brief, N–connections) in metric–affine spaces which in this work are necessary smooth
class manifolds, or (co) vector/ tangent bundles provided with, in general, indepen-
6
dent nonlinear and linear connections and metrics, and correspondingly derived strengths
like N–connection curvature, Riemannian curvature, torsion and nonmetricity. The ge-
ometric formalism will be applied in the next Sections where we shall prove that every
class of (pseudo) Riemannian, Kaluza–Klein, Einstein–Cartan, metric–affine and gener-
alized Lagrange–Finsler and Hamilton–Cartan spaces is characterized by corresponding
N–connection, metric and linear connection structures.
2.1 Linear connections, metrics and anholonomic frames
We briefly review the standard results on linear connections and metrics (and related for-
mulas for torsions, curvatures, Ricci and Einstein tensors and Bianchi identities) defined
with respect to arbitrary anholonomic bases in order to fix a necessary reference which will
be compared with generalized Finsler–affine structures we are going to propose in the next
sections for spaces provided with N–connection. The results are outlined in a form with
conventional splitting into horizontal and vertical subspaces and subindices. We follow the
Ref. [45] but we use Greek indices and denote a covariant derivative by D preserving the
symbol ▽ for the Levi–Civita (metric and torsionless) connection. Similar formulas can be
found, for instance. in Ref. [46].
Let V n+m be a (n+m)–dimensional underlying manifold of necessary smooth class and
denote by TV n+m the corresponding tangent bundle. The local coordinates on V n+m, u =
{uα = (xi, ya)} conventionally split into two respective subgroups of ”horizontal” coor-
dinates (in brief, h–coordinates), x = (xi), and ”vertical” coordinates (v–coordinates),
y = (ya) , with respective indices running the values i, j, ... = 1, 2, ..., n and a, b, ... =
n+1, n+2, ..., n+m. The splitting of coordinates is treated as a formal labeling if any fiber
and/or the N–connection structures are not defined. Such a splitting of abstract coordinates
uα = (xi, ya) may be considered, for instance, for a general (pseudo) Riemannian manifold
with xi being some ’holonomic” variables (unconstrained) and ya being ”anholonomic” vari-
ables (subjected to some constraints), or in order to parametrize locally a vector bundle
(E, µ, F,M) defined by an injective surjection µ : E → M from the total space E to the
base space M of dimension dimM = n, with F being the typical vector space of dimension
dimF = m. For our purposes, we consider that both M and F can be, in general, provided
with metric structures of arbitrary signatures. On vector bundles, the values x = (xi)
are coordinates on the base and y = (ya) are coordinates in the fiber. If dimM = dimF,
the vector bundle E transforms into the tangent bundle TM. The same conventional co-
ordinate notation uα = (xi, ya → pa) can be used for a dual vector bundle (E, µ, F
∗,M)
with the typical fiber F ∗ being a covector space (of 1-forms) dual to F, where pa are local
(dual) coordinates. For simplicity, we shall label ya as general coordinates even for dual
spaces if this will not result in ambiguities. In general, our geometric constructions will
be elaborated for a manifold V n+m (a general metric–affine spaces) with some additional
geometric structures and fibrations to be stated or modeled latter (for generalized Finsler
geometries) on spacetimes under consideration.
At each point p ∈ V n+m, there are defined basis vectors (local frames, vielbeins) eα =
A αα (u)∂α ∈ TV
n+m, with ∂α = ∂/∂u
α being tangent vectors to the local coordinate lines
uα = uα(τ) with parameter τ. In every point p, there is also a dual basis ϑβ = Aββ(u)du
β
with duβ considered as coordinate one forms. The duality conditions can be written in
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abstract form by using the interior product ⌋, eα⌋ϑ
β = δβα, or in coordinate form A
α
α A
β
α =
δβα, where the Einstein rule of summation on index α is considered, δ
β
α is the Kronecker
symbol. The ”not underlined” indices α, β, ..., or i, j, ... and a, b, ... are treated as abstract
labels (as suggested by R. Penrose). We shall underline the coordinate indices only in the
cases when it will be necessary to distinguish them from the abstract ones.
Any vector and 1–form fields, for instance, X and, respectively, Y˜ on V n+m are decom-
posed in h– and v–irreducible components,
X = Xαeα = X
iei +X
aea = X
α∂α = X
i∂i +X
a∂a
and
Y˜ = Y˜αϑ
α = Y˜iϑ
i + Y˜aϑ
a = Y˜αdu
α = Y˜idx
i + Y˜ady
a.
We shall omit labels like ”˜” for forms if this will not result in ambiguities.
Definition 2.1. A linear (affine) connection D on V n+m is a linear map (operator) sending
every pair of smooth vector fields (X, Y ) to a vector field DXY such that
DX (sY + Z) = sDXY +DXZ
for any scalar s = const and for any scalar function f (uα) ,
DX (fY ) = fDXY + (Xf)Y and DXf = Xf.
DXY is called the covariant derivative of Y with respect to X (this is not a tensor).
But we can always define a tensor DY : X → DXY. The value DY is a (1, 1) tensor field
and called the covariant derivative of Y.
With respect to a local basis eα, we can define the scalars Γ
α
βγ , called the components
of the linear connection D, such that
Dαeβ = Γ
γ
βαeγ and Dαϑ
β = −Γβγαϑ
γ
were, by definition, Dα + Deα and because eβϑ
β = const.
We can decompose
DXY = (DXY )
β eβ =
[
eα(Y
β) + Γβγαϑ
γ
]
eβ + Y
β
;αX
α (1)
where Y β;α are the components of the tensor DY.
It is a trivial proof that any change of basis (vielbein transform), eα′ = B
α
α′ eα, with
inverse Bα
′
α, results in a corresponding (nontensor) rule of transformation of the components
of the linear connection,
Γα
′
β′γ′ = B
α′
α
[
B ββ′ B
γ
γ′ Γ
α
βγ +B
γ
γ′ eγ
(
B αβ′
)]
. (2)
Definition 2.2. A local basis eβ is anhlonomic (nonholonomic) if there are satisfied the
conditions
eαeβ − eβeα = w
γ
αβeγ (3)
for certain nontrivial anholonomy coefficients wγαβ = w
γ
αβ(u
τ). A such basis is holonomic if
wγαβ + 0.
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For instance, any coordinate basis ∂α is holonomic. Any holonomic basis can be trans-
formed into a coordinate one by certain coordinate transforms.
Definition 2.3. The torsion tensor is a tensor field T defined by
T (X, Y ) = DXY −DYX − [X, Y ], (4)
where [X, Y ] = XY − Y X, for any smooth vector fields X and Y.
The components T γαβ of a torsion T with respect to a basis eα are computed by intro-
ducing X = eα and Y = eβ in (4),
T (eα, eβ) = Dαeβ −Dβeα − [eα, eβ] = T
γ
αβeγ
where
T γαβ = Γ
γ
βα − Γ
γ
αβ − w
γ
αβ. (5)
We note that with respect to anholonomic frames the coefficients of anholonomy wγαβ are
contained in the formula for the torsion coefficients (so any anholonomy induces a specific
torsion).
Definition 2.4. The Riemann curvature tensor R is defined as a tensor field
R (X, Y )Z = DYDXZ −DXDY Z +D[X,Y ]Z. (6)
We can compute the components Rαβγτof curvature R, with respect to a basis eα are
computed by introducing X = eγ , Y = eτ , Z = eβ in (6). One obtains
R (eγ, eτ ) eβ = R
α
βγτeα
where
Rαβγτ = eτ
(
Γαβγ
)
− eγ
(
Γαβτ
)
+ ΓνβγΓ
α
ντ − Γ
ν
βτΓ
α
νγ + w
ν
γτΓ
α
βν . (7)
We emphasize that the anholonomy and vielbein coefficients are contained in the formula for
the curvature components (6). With respect to coordinate frames, eτ = ∂τ , with w
ν
γτ = 0,
we have the usual coordinate formula.
Definition 2.5. The Ricci tensor Ri is a tensor field obtained by contracting the Riemann
tensor,
R βτ = R
α
βτα. (8)
We note that for a general affine (linear) connection the Ricci tensor is not symmetric
R βτ + R τβ.
Definition 2.6. A metric tensor is a (0, 2) symmetric tensor field
g = gαβ(u
γ)ϑα ⊗ ϑβ
defining the quadratic (length) linear element,
ds2 = gαβ(u
γ)ϑαϑβ = gαβ(u
γ)duαduβ.
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For physical applications, we consider spaces with local Minkowski singnature, when
locally, in a point u
γ
0 , the diagonalized metric is gαβ(u
γ
0) = ηαβ = (1,−1,−1, ...) or, for our
further convenience, we shall use metrics with the local diagonal ansatz being defined by
any permutation of this order.
Theorem 2.1. If a manifold V n+m is enabled with a metric structure g , then there is a
unique torsionless connection, the Levi–Civita connection D = ▽, satisfying the metricity
condition
▽g = 0. (9)
The proof, as an explicit construction, is given in Ref. [45]. Here we present the formulas
for the components Γα▽ βτ of the connection ▽, computed with respect to a basis eτ ,
Γ▽ αβγ = g (eα,▽γeβ) = gατΓ
τ
▽ αβ (10)
=
1
2
[
eβ (gαγ) + eγ (gβα)− eα (gγβ) + w
τ
γβgατ + w
τ
αγgβτ − w
τ
βγgατ
]
.
By straightforward calculations , we can check that
▽αgβγ = eα
(
gβγ
)
− Γτ▽ βαgτγ − Γ
τ
▽ γαgβτ ≡ 0
and, using the formula (5),
T γ▽ αβ = Γ
γ
▽ βα − Γ
γ
▽αβ − w
γ
αβ ≡ 0.
We emphasize that the vielbein and anholonomy coefficients are contained in the formulas
for the components of the Levi–Civita connection Γτ▽ αβ (10) given with respect to an
anholonomic basis eα. The torsion of this connection, by definition, vanishes with respect
to all bases, anholonomic or holonomic ones. With respect to a coordinate base ∂α, the
components Γ▽ αβγ (10) transforms into the so–called 1-st type Christoffel symbols
Γ▽αβγ = Γ
{}
αβγ = {αβγ} =
1
2
(∂βgαγ + ∂γgβα − ∂αgγβ) . (11)
If a space V n+m posses a metric tensor, we can use gαβ and the inverse values g
αβ for
lowering and upping indices as well to contract tensor objects.
Definition 2.7.
a) The Ricci scalar R is defined
R + gαβRαβ,
where Rαβ is the Ricci tensor (8).
b) The Einstein tensor G has the coefficients
Gαβ + Rαβ −
1
2
Rgαβ ,
with respect to any anholonomic or anholonomic frame eα.
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We note that Gαβ and Rαβ are symmetric only for the Levi–Civita connection ▽ and
that ▽αG
αβ = 0.
It should be emphasized that for any general affine connection D and metric g structures
the metric compatibility conditions (9) are not satisfied.
Definition 2.8. The nonmetricity field
Q = Qαβ ϑ
α ⊗ ϑβ
on a space V n+m is defined by a tensor field with the coefficients
Qγαβ + −Dγgαβ (12)
where the covariant derivative D is defined by a linear connection 1–form Γγα = Γ
γ
αβϑ
β .
In result, we can generalize the concept of (pseudo) Riemann space [defined only by a
locally (pseudo) Euclidean metric inducing the Levi–Civita connection with vanishing tor-
sion] and Riemann–Cartan space [defined by any independent metric and linear connection
with nontrivial torsion but with vanishing nonmetricity] (see details in Refs. [4, 38]):
Definition 2.9. A metric–affine space is a manifold of necessary smooth class provided
with independent linear connection and metric structures. In general, such spaces posses
nontrivial curvature, torsion and nonmetricity (called strength fields).
We can extend the geometric formalism in order to include into consideration the Finsler
spaces and their generalizations. This is possible by introducing an additional fundamental
geometric object called the N–connection.
2.2 Anholonomic frames and associated N–connections
Let us define the concept of nonlinear connection on a manifold V n+m. 2 We denote by
piT : TV n+m → TV n the differential of the map pi : V n+m → V n defined as a fiber–
preserving morphism of the tangent bundle (TV n+m, τE, V
n) to V n+m and of tangent bun-
dle (TV n, τ, V n) . The kernel of the morphism piT is a vector subbundle of the vector bundle
(TV n+m, τE , V
n+m) . This kernel is denoted (vV n+m, τV , V
n+m) and called the vertical sub-
bundle over V n+m. We denote the inclusion mapping by i : vV n+m → TV n+m when the
local coordinates of a point u ∈ V n+m are written uα = (xi, ya) , where the values of indices
are i, j, k, ... = 1, 2, ..., n and a, b, c, ... = n+ 1, n+ 2, ..., n+m.
A vector Xu ∈ TV
n+m, tangent in the point u ∈ V n+m, is locally represented as (x, y,
X, X˜) = (xi, ya, X i, Xa) ,where (X i) ∈IRn and (Xa) ∈IRm are defined by the equality Xu =
X i∂i + X
a∂a [∂α = (∂i, ∂a) are usual partial derivatives on respective coordinates x
i and
ya]. For instance, piT
(
x, y,X, X˜
)
= (x,X) and the submanifold vV n+m contains elements
of type
(
x, y, 0, X˜
)
and the local fibers of the vertical subbundle are isomorphic to IRm.
Having piT (∂a) = 0, one comes out that ∂a is a local basis of the vertical distribution
u→ vuV
n+m on V n+m, which is an integrable distribution.
2see Refs. [40, 14] for original results and constructions on vector and tangent bundles.
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Definition 2.10. A nonlinear connection (N–connection) N in a space (V n+m, pi, V n) is
defined by the splitting on the left of the exact sequence
0→ vV n+m → TV n+m/vV n+m → 0, (13)
i. e. a morphism of manifolds N : TV n+m → vV n+m such that C ◦ i is the identity on
vV n+m.
The kernel of the morphism N is a subbundle of (TV n+m, τE , V
n+m) , it is called
the horizontal subspace (being a subbundle for vector bundle constructions) and denoted
by (hV n+m, τH , V
n+m) . Every tangent bundle (TV n+m, τE , V
n+m) provided with a N–
connection structure is a Whitney sum of the vertical and horizontal subspaces (in brief,
h- and v– subspaces), i. e.
TV n+m = hV n+m ⊕ vV n+m. (14)
It is proven that for every vector bundle (V n+m, pi, V n) over a compact manifold V n there
exists a nonlinear connection [14] (the proof is similar if the bundle structure is modeled
on a manifold).3
A N–connection N is defined locally by a set of coefficients Nai (u
α) = Nai (x
j , yb) trans-
forming as
Na
′
i′
∂xi
′
∂xi
=Ma
′
a N
a
i −
∂Ma
′
a
∂xi
ya (15)
under coordinate transforms on the space (V n+m, µ,M) when xi
′
= xi
′
(xi) and ya
′
=
Ma
′
a (x)y
a. The well known class of linear connections consists a particular parametization
of its coefficients Nai to be linear on variables y
b,
Nai (x
j , yb) = Γabi(x
j)yb.
A N–connection structure can be associated to a prescribed ansatz of vielbein transforms
A αα (u) = e
α
α =
[
e ii (u) N
b
i (u)e
a
b (u)
0 e aa (u)
]
, (16)
Aββ(u) = e
β
β =
[
ei i(u) −N
b
k(u)e
k
i (u)
0 eaa(u)
]
, (17)
in particular case e ii = δ
i
i and e
a
a = δ
a
a with δ
i
i and δ
a
a being the Kronecker symbols, defining
a global splitting of Vn+m into ”horizontal” and ”vertical” subspaces with the N–vielbein
structure
eα = e
α
α ∂α and ϑ
β = eββdu
β.
In this work, we adopt the convention that for the spaces provided with N–connection
structure the geometrical objects can be denoted by ”boldfaced” symbols if it would be
3We note that the exact sequence (13) defines the N–connection in a global coordinate free form. In a
similar form, the N–connection can be defined for covector bundles or, as particular cases for (co) tangent
bundles. Generalizations for superspaces and noncommutative spaces are considered respectively in Refs.
[23] and [36, 37].
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necessary to dinstinguish such objects from similar ones for spaces without N–connection.
The results from subsection 2.1 can be redefined in order to be compatible with the N–
connection structure and rewritten in terms of ”boldfaced” values.
A N–connection N in a space Vn+m is parametrized, with respect to a local coordinate
base,
∂α = (∂i, ∂a) ≡
∂
∂uα
=
(
∂
∂xi
,
∂
∂ya
)
, (18)
and dual base (cobase),
dα = (di, da) ≡ duα = (dxi, dya), (19)
by its components Nai (u) = N
a
i (x, y),
N = Nai (u)d
i ⊗ ∂a.
It is characterized by the N–connection curvature Ω = {Ωaij} as a Nijenhuis tensor field
Nv (X, Y ) associated to N ,
Ω = Nv = [vX, vY ] + v [X, Y ]− v [vX, Y ]− v [X, vY ] ,
for X, Y ∈ X (V n+m) [41] and [, ] denoting commutators. In local form one has
Ω =
1
2
Ωaijd
i ∧ dj ⊗ ∂a,
Ωaij = δ[jN
a
i] =
∂Nai
∂xj
−
∂Naj
∂xi
+N bi
∂Naj
∂yb
−N bj
∂Nai
∂yb
. (20)
The ’N–elongated’ operators δj from (20) are defined from a certain vielbein configuration
induced by the N–connection, the N–elongated partial derivatives (in brief, N–derivatives)
eα + δα = (δi, ∂a) ≡
δ
δuα
=
(
δ
δxi
= ∂i −N
a
i (u) ∂a,
∂
∂ya
)
(21)
and the N–elongated differentials (in brief, N–differentials)
ϑβ + δ β =
(
di, δa
)
≡ δuα =
(
δxi = dxi, δya = dya +Nai (u) dx
i
)
(22)
called also, respectively, the N–frame and N–coframe. 4
The N–coframe (22) is anholonomic because there are satisfied the anholonomy relations
(3),
[δα, δβ] = δαδβ − δβδα = w
γ
αβ (u) δγ (23)
for which the anholonomy coefficients wαβγ (u) are computed to have certain nontrivial values
waji = −w
a
ij = Ω
a
ij , w
b
ia = −w
b
ai = ∂aN
b
i . (24)
4We shall use both type of denotations eα + δα and ϑ
β + δ α in order to preserve a connection to
denotations from Refs. [14, 23, 24, 34, 35, 25, 37]. The ’boldfaced’ symbols eα and ϑ
β are written in
order to emphasize that they define N–adapted vielbeins and the symbols δα and δ
β will be used for the
N–elongated partial derivatives and, respectively, differentials.
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We emphasize that the N–connection formalism is a natural one for investigating physi-
cal systems with mixed sets of holonomic–anholonomic variables. The imposed anholonomic
constraints (anisotropies) are characterized by the coefficients of N–connection which defines
a global splitting of the components of geometrical objects with respect to some ’horizontal’
(holonomic) and ’vertical’ (anisotropic) directions. In brief, we shall use respectively the
terms h- and/or v–components, h- and/or v–indices, and h- and/or v–subspaces
A N–connection structure on Vn+m defines the algebra of tensorial distinguished (by
N–connection structure) fields dT (TVn+m) (d–fields, d–tensors, d–objects, if to follow the
terminology from [14]) on Vn+m introduced as the tensor algebra T = {T prqs } of the dis-
tinguished tangent bundle V(d), pd : hV
n+m ⊕ vVn+m → Vn+m. An element t ∈ T prqs , a
d–tensor field of type
(
p r
q s
)
, can be written in local form as
t = t
i1...ipa1...ar
j1...jqb1...br
(u) δi1 ⊗ ...⊗ δip ⊗ ∂a1 ⊗ ...⊗ ∂ar ⊗ d
j1 ⊗ ...⊗ djq ⊗ δb1 ...⊗ δbr .
There are used the denotations X
(
V(d)
)
(or X (Vn+m),∧p
(
V(d)
)
(or ∧p (Vn+m) and
F
(
V(d)
)
(or F (Vn+m)) for the module of d–vector fields on V(d) (or V
n+m ), the exterior
algebra of p–forms on V(d) (or V
n+m) and the set of real functions on V(d) (or V
n+m).
2.3 Distinguished linear connection and metric structures
The d–objects on V(d) are introduced in a coordinate free form as geometric objects adapted
to the N–connection structure. In coordinate form, we can characterize such objects (linear
connections, metrics or any tensor field) by certain group and coordinate transforms adapted
to the N-connection structure on Vn+m, i. e. to the global space splitting (14) into h- and
v–subspaces.
2.3.1 d–connections
We analyze the general properties of a class of linear connections being adapted to the
N–connection structure (called d–connections).
Definition 2.11. A d–connection D on V(d) is defined as a linear connection D, see Defi-
nition 2.1, on V(d) conserving under a parallelism the global decomposition of TV
n+m (14)
into the horizontal subbundle, hVn+m, and vertical subbundle, vVn+m, of V(d).
A N-connection induces decompositions of d–tensor indices into sums of horizontal and
vertical parts, for example, for every d–vector X ∈ X
(
V(d)
)
and 1-form X˜ ∈ Λ1
(
V(d)
)
we
have respectively
X = hX + vX and X˜ = hX˜ + vX˜.
For simplicity, we shall not use boldface symbols for d–vectors and d–forms if this will not
result in ambiguities. In consequence, we can associate to every d–covariant derivation
DX = X⌋D two new operators of h- and v–covariant derivations, DX = D
[h]
X +D
[v]
X , defined
respectively
D
[h]
X Y = DhXY and D
[v]
X Y = DvXY,
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for which the following conditions hold:
DXY = D
[h]
X Y +D
[v]
X Y, (25)
D
[h]
X f = (hX)f and D
[v]
X f = (vX)f,
for any X, Y ∈ X (E) , f ∈ F (V n+m) .
The N–adapted components Γαβγ of a d-connection Dα = (δα⌋D) are defined by the
equations
Dαδβ = Γ
γ
αβδγ ,
from which one immediately follows
Γγαβ (u) = (Dαδβ)⌋δ
γ . (26)
The operations of h- and v-covariant derivations, D
[h]
k = {L
i
jk, L
a
bk } and D
[v]
c = {C ijk, C
a
bc}
(see (25)) are introduced as corresponding h- and v–parametrizations of (26),
Lijk = (Dkδj)⌋d
i, Labk = (Dk∂b)⌋δ
a (27)
C ijc = (Dcδj)⌋d
i, Cabc = (Dc∂b)⌋δ
a. (28)
A set of h–components (27) and v–components (28), distinguished in the form Γγαβ = (L
i
jk,
Labk, C
i
jc, C
a
bc), completely defines the local action of a d–connectionD inV
n+m. For instance,
having taken a d–tensor field of type
(
1 1
1 1
)
, t = tiajbδi ⊗ ∂a ⊗ ∂
j ⊗ δb, and a d–vector
X = X iδi +X
a∂a we can write
DXt =D
[h]
X t+D
[v]
X t =
(
Xktiajb|k +X
ctiajb⊥c
)
δi ⊗ ∂a ⊗ d
j ⊗ δb,
where the h–covariant derivative is
tiajb|k =
δtiajb
δxk
+ Lihkt
ha
jb + L
a
ckt
ic
jb − L
h
jkt
ia
hb − L
c
bkt
ia
jc
and the v–covariant derivative is
tiajb⊥c =
∂tiajb
∂yc
+ C ihct
ha
jb + C
a
dct
id
jb − C
h
jct
ia
hb − C
d
bct
ia
jd.
For a scalar function f ∈ F (V n+m) we have
D
[h]
k =
δf
δxk
=
∂f
∂xk
−Nak
∂f
∂ya
and D[v]c f =
∂f
∂yc
.
We note that these formulas are written in abstract index form and specify for d–connections
the covariant derivation rule (1).
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2.3.2 Metric structures and d–metrics
We introduce arbitrary metric structures on a space Vn+m and consider the possibility to
adapt them to N–connection structures.
Definition 2.12. A metric structure g on a spaceVn+m is defined as a symmetric covariant
tensor field of type (0, 2) , gαβ, being nondegenerate and of constant signature on V
n+m.
This Definition is completely similar to Definition 2.6 but in our case it is adapted to
the N–connection structure. A N–connection N ={N
b
i (u)} and a metric structure
g = gαβdu
α ⊗ duβ (29)
on Vn+m are mutually compatible if there are satisfied the conditions
g (δi, ∂a) = 0, or equivalently, gia (u)−N
b
i (u)hab (u) = 0, (30)
where hab + g (∂a, ∂b) and gia + g (∂i, ∂a) resulting in
N bi (u) = h
ab (u) gia (u) (31)
(the matrix hab is inverse to hab; for simplicity, we do not underly the indices in the last
formula). In consequence, we obtain a h–v–decomposition of metric (in brief, d–metric)
g(X, Y )=hg(X, Y ) + vg(X, Y ), (32)
where the d-tensor hg(X, Y ) = g(hX, hY ) is of type
(
0 0
2 0
)
and the d-tensor
vg(X, Y )= h(vX, vY ) is of type
(
0 0
0 2
)
.With respect to a N–coframe (22), the d–metric
(32) is written
g = gαβ (u) δ
α ⊗ δβ = gij (u) d
i ⊗ dj + hab (u) δ
a ⊗ δb, (33)
where gij + g (δi, δj) . The d–metric (33) can be equivalently written in ”off–diagonal” form
if the basis of dual vectors consists from the coordinate differentials (19),
g
αβ
=
[
gij +N
a
i N
b
jhab N
e
j hae
N ei hbe hab
]
. (34)
It is easy to check that one holds the relations
gαβ = e
α
α e
β
β gαβ
or, inversely,
g
αβ
= eααe
β
βgαβ
as it is stated by respective vielbein transforms (16) and (17).
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Remark 2.1. A metric, for instance, parametrized in the form (34) is generic off–diagonal
if it can not be diagonalized by any coordinate transforms. If the anholonomy coefficients
(24) vanish for a such parametrization, we can define certain coordinate transforms to
diagonalize both the off–diagonal form (34) and the equivalent d–metric (33).
Definition 2.13. The nonmetricity d–field
Q = Qαβϑ
α ⊗ ϑβ = Qαβδ
α ⊗ δβ
on a space Vn+m provided with N–connection structure is defined by a d–tensor field with
the coefficients
Qαβ + −Dgαβ (35)
where the covariant derivative D is for a d–connection Γγα = Γ
γ
αβϑ
β , see (26) with the re-
spective splitting Γγαβ =
(
Lijk, L
a
bk, C
i
jc, C
a
bc
)
, as to be adapted to the N–connection structure.
This definition is similar to that given for metric–affine spaces (see definition 2.8) and
Refs. [4], but in our case the N–connection establishes some ’preferred’ N–adapted local
frames (21) and (22) splitting all geometric objects into irreducible h- and v–components.
A linear connection DX is compatible with a d–metric g if
DXg = 0, (36)
∀X∈X (V n+m) , i. e. if Qαβ ≡ 0. In a space provided with N–connection structure, the
metricity condition (36) may split into a set of compatibility conditions on h- and v–
subspaces. We should consider separately which of the conditions
D[h](hg) = 0, D[v](hg) = 0, D[h](vg) = 0, D[v](vg) = 0 (37)
are satisfied, or not, for a given d–connection Γγαβ. For instance, if D
[v](hg) = 0 and
D[h](vg) = 0, but, in general, D[h](hg) 6= 0 and D[v](vg) 6= 0 we can consider a nonmetricity
d–field (d–nonmetricity) Qαβ = Qγαβϑ
γ with irreducible h–v–components (with respect to
the N–connection decompositions), Qγαβ = (Qijk, Qabc) .
By acting on forms with the covariant derivative D, in a metric–affine space, we can
also define another very important geometric objects (the ’gravitational field potentials’,
see [4]):
torsion T α + Dϑα = dϑα + Γγβ ∧ ϑ
β , see Definition 2.3 (38)
and
curvature Rαβ + DΓ
α
β = dΓ
α
β − Γ
γ
β ∧ Γ
α
γ, see Definition 2.4. (39)
The Bianchi identities are
DQαβ ≡ Rαβ +Rβα, DT
α ≡ R αγ ∧ ϑ
γ and DR αγ ≡ 0, (40)
where we stress the fact that Qαβ, T
α and Rβα are called also the strength fields of a
metric–affine theory.
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For spaces provided with N–connections, we write the corresponding formulas by using
”boldfaced” symbols and change the usual differential d into N-adapted operator δ.
Tα + Dϑα = δϑα + Γγβ ∧ ϑ
β (41)
and
Rαβ + DΓ
α
β = δΓ
α
β − Γ
γ
β ∧ Γ
α
γ (42)
where the Bianchi identities written in ’boldfaced’ symbols split into h- and v–irreducible
decompositions induced by the N–connection. 5 We shall examine and compute the general
form of torsion and curvature d–tensors in spaces provided with N–connection structure in
section 2.4.
We note that the bulk of works on Finsler geometry and generalizations [15, 14, 20,
16, 17, 19, 13, 23, 24, 37] consider very general linear connection and metric fields being
addapted to the N–connection structure. In another turn, the researches on metric–affine
gravity [4, 38] concern generalizations to nonmetricity but not N–connections. In this work,
we elaborate a unified moving frame geometric approach to both Finlser like and metric–
affine geometries.
2.4 Torsions and curvatures of d–connections
We define and calculate the irreducible components of torsion and curvature in a space
Vn+m provided with additional N–connection structure (these could be any metric–affine
spaces [4], or their particular, like Riemann–Cartan [38], cases with vanishing nonmetricity
and/or torsion, or any (co) vector / tangent bundles like in Finsler geometry and general-
izations).
2.4.1 d–torsions and N–connections
We give a definition being equivalent to (41) but in d–operator form (the Definition 2.3 was
for the spaces not possessing N–connection structure):
Definition 2.14. The torsion T of a d–connection D =
(
D[h], D[v]
)
in space Vn+m is
defined as an operator (d–tensor field) adapted to the N–connection structure
T (X, Y ) = DXY−DYX − [X, Y ] . (43)
One holds the following h- and v–decompositions
T (X, Y ) = T (hX, hY )+T (hX, vY )+T (vX, hY )+T (vX, vY ) . (44)
We consider the projections: hT (X, Y ) ,vT (hX, hY ) ,hT (hX, hY ) , ... and say that, for
instance, hT (hX, hY ) is the h(hh)-torsion of D , vT (hX, hY ) is the v(hh)-torsion of D
and so on.
5see similar details in Ref. [14] for the case of vector/tangent bundles provided with mutually compatible
N–connection, d–connection and d–metric structure.
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The torsion (43) is locally determined by five d–tensor fields, d–torsions (irreducible
N–adapted h–v–decompositions) defined as
T ijk = hT (δk, δj)⌋d
i, T ajk = vT (δk, δj)⌋δ
a, P ijb = hT (∂b, δj)⌋d
i,
P ajb = vT (∂b, δj)⌋δ
a, Sabc = vT (∂c, ∂b)⌋δ
a.
Using the formulas (21), (22), and (20), we can calculate the h–v–components of torsion
(44) for a d–connection, i. e. we can prove 6
Theorem 2.2. The torsion Tα.βγ = (T
i
.jk, T
i
ja, T
a
.ij, T
a
.bi, T
a
.bc) of a d–connection
Γγαβ =
(
Lijk, L
a
bk, C
i
jc, C
a
bc
)
(26) has irreducible h- v–components (d–torsions)
T i.jk = −T
i
kj = L
i
jk − L
i
kj , T
i
ja = −T
i
aj = C
i
.ja, T
a
.ji = −T
a
.ij =
δNai
δxj
−
δNaj
δxi
= Ωa.ji,
T a.bi = −T
a
.ib = P
a
.bi =
∂Nai
∂yb
− La.bj , T
a
.bc = −T
a
.cb = S
a
.bc = C
a
bc − C
a
cb. (45)
We note that on (pseudo) Riemanian spacetimes the d–torsions can be induced by
the N–connection coefficients and reflect an anholonomic frame structures. Such objects
vanishes when we transfer our considerations with respect to holonomic bases for a trivial
N–connection and zero ”vertical” dimension.
2.4.2 d–curvatures and N–connections
In operator form, the curvature (42) is stated from the
Definition 2.15. The curvature R of a d–connection D =
(
D[h], D[v]
)
in space Vn+m is
defined as an operator (d–tensor field) adapted to the N–connection structure
R (X, Y )Z = DXDY Z −DYDXZ −D[X,Y ]Z. (46)
This Definition is similar to the Definition 2.4 being a generalization for the spaces
provided with N–connection. One holds certain properties for the h- and v–decompositions
of curvature:
vR (X, Y )hZ = 0, hR (X, Y ) vZ=0, R (X, Y )Z = hR (X, Y ) hZ+vR (X, Y ) vZ.
From (46) and the equation R (X, Y ) = −R (Y,X) , we get that the curvature of a d-
connection D in Vn+m is completely determined by the following six d–tensor fields (d–
curvatures):
Rihjk = d
i⌋R (δk, δj) δh, R
a
bjk = δ
a⌋R (δk, δj) ∂b, (47)
P ijkc = d
i⌋R (∂c, ∂k) δj, P
a
bkc = δ
a⌋R (∂c, ∂k) ∂b,
Sijbc = d
i⌋R (∂c, ∂b) δj , S
a
bcd = δ
a⌋R (∂d, ∂c) ∂b.
By a direct computation, using (21), (22), (27), (28) and (47), we prove
6see also the original proof for vector bundles in [14]
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Theorem 2.3. The curvature Rα.βγτ = (R
i
hjk, R
a
bjk, P
i
jka, P
c
bka, S
i
jbc, S
a
bcd) of a d–connec-
tion Γγαβ =
(
Lijk, L
a
bk, C
i
jc, C
a
bc
)
(26) has irreducible h- v–components (d–curvatures)
Ri hjk =
δLi.hj
δxk
−
δLi.hk
δxj
+ Lm.hjL
i
mk − L
m
.hkL
i
mj − C
i
.haΩ
a
.jk, (48)
Rabjk =
δLa.bj
δxk
−
δLa.bk
δxj
+ Lc.bjL
a
.ck − L
c
.bkL
a
.cj − C
a
.bc Ω
c
.jk,
P ijka =
∂Li.jk
∂yk
−
(
∂C i.ja
∂xk
+ Li.lkC
l
.ja − L
l
.jkC
i
.la − L
c
.akC
i
.jc
)
+ C i.jbP
b
.ka,
P cbka =
∂Lc.bk
∂ya
−
(
∂Cc.ba
∂xk
+ Lc.dkC
d
.ba − L
d
.bkC
c
.da − L
d
.akC
c
.bd
)
+ Cc.bdP
d
.ka,
Sijbc =
∂C i.jb
∂yc
−
∂C i.jc
∂yb
+ Ch.jbC
i
.hc − C
h
.jcC
i
hb,
Sabcd =
∂Ca.bc
∂yd
−
∂Ca.bd
∂yc
+ Ce.bcC
a
.ed − C
e
.bdC
a
.ec.
The components of the Ricci d-tensor
Rαβ = R
τ
αβτ
with respect to a locally adapted frame (21) has four irreducible h- v–components, Rαβ =
{Rij , Ria, Rai, Sab}, where
Rij = R
k
ijk, Ria = −
2Pia = −P
k
ika, (49)
Rai =
1Pai = P
b
aib, Sab = S
c
abc.
We point out that because, in general, 1Pai 6=
2Pia the Ricci d–tensor is non symmetric.
Having defined a d–metric of type (33) in Vn+m, we can introduce the scalar curvature
of a d–connection D,
←−
R = gαβRαβ = R + S, (50)
where R = gijRij and S = h
abSab and define the distinguished form of the Einstein tensor
(the Einstein d–tensor), see Definition 2.7,
Gαβ + Rαβ −
1
2
gαβ
←−
R . (51)
The Ricci and Bianchi identities (40) of d–connections are formulated in h- v- irreducible
forms on vector bundle [14]. The same formulas hold for arbitrary metric compatible d–
connections on Vn+m (for simplicity, we omit such details in this work).
3 Some Classes of Linear and Nonlinear Connections
The geometry of d–connections in a space Vn+m provided with N–connection structure is
very reach (works [14] and [23] contain results on generalized Finsler spaces and super-
spaces). If a triple of fundamental geometric objects (Nai (u) ,Γ
α
βγ (u) , gαβ (u)) is fixed on
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Vn+m, in general, with respect to N–adapted frames, a multiconnection structure is defined
(with different rules of covariant derivation). In this Section, we analyze a set of linear
connections and associated covariant derivations being very important for investigating
spacetimes provided with anholonomic frame structure and generic off–diagonal metrics.
3.1 The Levi–Civita connection and N–connections
The Levi–Civita connection ▽ = {Γτ▽βγ} with coefficients
Γ▽αβγ = g (eα,▽γeβ) = gατΓ
τ
▽βγ , (52)
is torsionless,
Tα▽ + ▽ϑ
α = dϑα + Γτ▽βγ ∧ ϑ
β = 0,
and metric compatible, ▽g = 0, see see Definition 2.1. The formula (52) states that
the operator ▽ can be defined on spaces provided with N–connection structure (we use
’boldfaced’ symbols) but this connection is not adapted to the N–connection splitting (14).
It is defined as a linear connection but not as a d–connection, see Definition 2.11. The Levi–
Civita connection is usually considered on (pseudo) Riemannian spaces but it can be also
introduced, for instance, in (co) vector/tangent bundles both with respect to coordinate
and anholonomic frames [14, 34, 35]. One holds a Theorem similar to the Theorem 2.1,
Theorem 3.1. If a space Vn+m is provided with both N–connection N and d–metric g
structures, there is a unique linear symmetric and torsionless connection ▽, being metric
compatible such that ▽γgαβ = 0 for gαβ = (gij, hab) , see (33), with the coefficients
Γ▽αβγ = g (δα,▽γδβ) = gατΓ
τ
▽βγ,
computed as
Γ▽αβγ =
1
2
[
δβgαγ + δγgβα − δαgγβ + gατw
τ
γβ + gβτw
τ
αγ − gγτw
τ
βα
]
(53)
with respect to N–frames eβ + δβ (21) and N–coframes ϑ
α + δα (22).
The proof is that from Theorem 2.1, see also Refs. [45, 46], with eβ → eβ and ϑ
β → ϑβ
substituted directly in formula (10).
With respect to coordinate frames ∂β (18) and du
α (19), the metric (33) transforms
equivalently into (29) with coefficients (34) and the coefficients of (53) transform into the
usual Christoffel symbols (11). We emphasize that we shall use the coefficients just in the
form (53) in order to compare the properties of different classes of connections given with
respect to N–adapted frames. The coordinate form (11) is not ”N–adapted”, being less
convenient for geometric constructions on spaces with anholonomic frames and associated
N–connection structure.
We can introduce the 1-form formalism and express
Γ▽γα = Γ
▽
γαβϑ
β
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where
Γ▽γα =
1
2
[
eγ⌋ δϑα − eα⌋ δϑγ − (eγ⌋ eα⌋ δϑβ) ∧ ϑ
β
]
, (54)
contains h- v-components, Γγ▽αβ =
(
Li▽jk, L
a
▽bk, C
i
▽jc, C
a
▽bc
)
, defined similarly to (27) and
(28) but using the operator ▽,
Li▽jk = (▽kδj)⌋d
i, La▽bk = (▽k∂b)⌋δ
a, C i▽jc = (▽cδj)⌋d
i, Ca▽bc = (▽c∂b)⌋δ
a.
In explicit form, the components Li▽jk, L
a
▽bk, C
i
▽jc and C
a
▽bc are defined by formula (54)
if we consider N–frame eγ = (δi = ∂i −N
a
i ∂a, ∂a) and N–coframe ϑ
β = (dxi, δya = dya +
Nai dx
i) and a d–metric g = (gij,hab) . In these formulas, we write δϑα instead of absolute
differentials dϑα from Refs. [4, 38] because the N–connection is considered. The coefficients
(54) transforms into the usual Levi–Civita (or Christoffel) ones for arbitrary anholonomic
frames eγ and ϑ
β and for a metric
g = gαβϑ
α ⊗ ϑβ
if eγ → eγ , ϑ
β → ϑβ and δϑβ → dϑβ .
Finally, we note that if the N–connection structure is not trivial, we can define arbitrary
vielbein transforms starting from eγ and ϑ
β , i. e. e
[N ]
α = A α
′
α (u)eα′ and ϑ
β
[N ] = A
β
β′(u)ϑ
β′
(we put the label [N ] in order to emphasize that such object were defined by vielbein trans-
forms starting from certain N–adapted frames). This way we develop a general anholonomic
frame formalism adapted to the prescribed N–connection structure. If we consider geomet-
ric objects with respect to coordinate frames eα′ → ∂α = ∂/∂u
α and coframes ϑβ
′
→ duβ,
the N–connection strucuture is ’hidden’ in the off–diagonal metric coefficients (34) and
performed geometric constructions, in general, are not N–adapted.
3.2 The canonical d–connection and the Levi–Civita connection
The Levi–Civita connection ▽ is constructed only from the metric coefficients, being tor-
sionless and satisfying the metricity conditions ▽αgβγ = 0. Because the Levi–Civita con-
nection is not adapted to the N–connection structure, we can not state its coefficients in an
irreducible form for the h– and v–subspaces. We need a type of d–connection which would
be similar to the Levi–Civita connection but satisfy certain metricity conditions adapted
to the N–connection.
Proposition 3.1. There are metric d–connections D =
(
D[h], D[v]
)
in a space Vn+m, see
(25), satisfying the metricity conditions if and only if
D
[h]
k gij = 0, D
[v]
a gij = 0, D
[h]
k hab = 0, D
[h]
a hab = 0. (55)
The general proof of existence of such metric d–connections on vector (super) bundles
is given in Ref. [14]. Here we note that the equations (55) on Vn+m are just the conditions
(37). In our case the existence may be proved by constructing an explicit example:
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Definition 3.1. The canonical d–connection D̂ =
(
D̂[h], D̂[v]
)
, equivalently Γ̂γα = Γ̂
γ
αβϑ
β ,
is defined by the h– v–irreducible components Γ̂γαβ =
(
L̂ijk, L̂
a
bk, Ĉ
i
jc, Ĉ
a
bc
)
,
L̂ijk =
1
2
gir
(
δgjk
δxk
+
δgkr
δxj
−
δgjk
δxr
)
, (56)
L̂abk =
∂Nak
∂yb
+
1
2
hac
(
δhbc
δxk
−
∂Ndk
∂yb
hdc −
∂Ndk
∂yc
hdb
)
,
Ĉ ijc =
1
2
gik
∂gjk
∂yc
,
Ĉabc =
1
2
had
(
∂hbd
∂yc
+
∂hcd
∂yb
−
∂hbc
∂yd
)
.
satisfying the torsionless conditions for the h–subspace and v–subspace, respectively, T̂ ijk =
T̂ abc = 0.
By straightforward calculations with (56) we can verify that the conditions (55) are
satisfied and that the d–torsions are subjected to the conditions T̂ ijk = T̂
a
bc = 0 (see section
2.4)). We emphasize that the canonical d–torsion posses nonvanishing torsion components,
T̂ a.ji = −T̂
a
.ij =
δNai
δxj
−
δNaj
δxi
= Ωa.ji, T̂
i
ja = −T̂
i
aj = Ĉ
i
.ja, T̂
a
.bi = −T̂
a
.ib = P̂
a
.bi =
∂Nai
∂yb
− L̂a.bj
induced by L̂abk, Ĉ
i
jc and N–connection coefficients N
a
i and their partial derivatives ∂N
a
i /∂y
b
(as is to be computed by introducing (56) in formulas (45)). This is an anholonmic frame
effect.
Proposition 3.2. The components of the Levi–Civita connection Γτ▽βγ and the irreducible
components of the canonical d–connection Γ̂τβγ are related by formulas
Γτ▽βγ =
(
L̂ijk, L̂
a
bk −
∂Nak
∂yb
, Ĉ ijc +
1
2
gikΩajkhca, Ĉ
a
bc
)
, (57)
where Ωajk is the N–connection curvature (20).
The proof follows from an explicit decomposition of N–adapted frame (21) and N–
adapted coframe (22) in (53) (equivalently, in (54)) and regroupation of the components as
to distinguish the h- and v– irreducible values (56) for gαβ = (gij , hab) .
We conclude from (57) that, in a trivial case, the Levi–Civita and the canonical d–
connection are given by the same h– v– components
(
L̂ijk, L̂
a
bk, Ĉ
i
jc, Ĉ
a
bc
)
if Ωajk = 0, and
∂Nak /∂y
b = 0. This results in zero anholonomy coefficients (24) when the anholonomic N–
basis is reduced to a holonomic one. It should be also noted that even in this case some
components of the anholonomically induced by d–connection torsion T̂αβγ could be nonzero
(see formulas (95) just for Γ̂τβγ). For instance, one holds the
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Corollary 3.1. The d–tensor components
T̂ a.bi = −T̂
a
.ib = P̂
a
.bi =
∂Nai
∂yb
− L̂a.bj (58)
for a canonical d–connection (56) can be nonzero even ∂Nak /∂y
b = 0 and Ωajk = 0 and
a trivial equality of the components of the canonical d–connection and of the Levi–Civita
connection, Γτ▽βγ = Γ̂
τ
βγ holds just with respect to coordinate frames.
This quite surprising fact follows from the anholonomic character of the N–connection
structure. If a N–connection is defined, there are imposed specific types of constraints
on the frame structure. This is important for definition of d–connections (being adapted
to the N–connection structure) but not for the Levi–Civita connection which is not a d–
connection. Even such linear connections have the same components with respect to a N–
adapted (co) frame, they are very different geometrical objects because they are subjected
to different rules of transformation with respect to frame and coordinate transforms. The d–
connections’ transforms are adapted to those for the N–connection (15) but the Levi–Civita
connection is subjected to general rules of linear connection transforms (2).7
Proposition 3.3. A canonical d–connection Γ̂τβγ defined by a N–connection N
a
i and d–
metric gαβ = [gij, hab] has zero d–torsions (95) if an only if there are satisfied the conditions
Ωajk = 0, Ĉ
i
jc = 0 and L̂
a
.bj = ∂N
a
i /∂y
b, i. e. Γ̂τβγ =
(
L̂ijk, L̂
a
bk = ∂N
a
i /∂y
b, 0, Ĉabc
)
which is
equivalent to
gik
∂gjk
∂yc
= 0, (59)
δhbc
δxk
−
∂Ndk
∂yb
hdc −
∂Ndk
∂yc
hdb = 0, (60)
∂Nai
∂xj
−
∂Naj
∂xi
+N bi
∂Naj
∂yb
−N bj
∂Nai
∂yb
= 0. (61)
The Levi–Civita connection defined by the same N–connection and d–metric structure with
respect to N–adapted (co) frames has the components [0]Γτ▽βγ = Γ̂
τ
βγ =
(
L̂ijk, 0, 0, Ĉ
a
bc
)
.
Proof: The relations (59)–(61) follows from the condition of vanishing of d–torsion
coefficients (95) when the coefficients of the canonical d–connection and the Levi–Civita
connection are computed respectively following formulas (56) and (57)
7The Corollary 3.1 is important for constructing various classes of exact solutions with generic off–
diagonal metrics in Einstein gravity, its higher dimension and/or different gauge, Einstein--Cartan and
metric–affine generalizations. Certain type of ansatz were proven to result in completely integrable gravi-
tational field equations just for the canonical d–connection (but not for the Levi–Civita one), see details in
Refs. [34, 35, 25, 37]. The induced d–torsion (58) is contained in the Ricci d–tensor Rai =
1Pai = P
.b
a.ib,
see (49), i. e. in the Einstein d–tensor constructed for the canonical d–connection. If a class of solutions
were obtained for a d–connection, we can select those subclasses which satisfy the condition Γτ
▽βγ = Γ̂
τ
βγ
with respect to a frame of reference. In this case the nontrivial d–torsion T̂ a.bi (58) can be treated as an
object constructed from some ”pieces” of a generic off–diagonal metric and related to certain components
of the N–adapted anholonomic frames.
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We note a specific separation of variables in the equations (59)–(61). For instance, the
equation (59) is satisfied by any gij = gij
(
xk
)
. We can search a subclass of N–connections
with Naj = δjN
a, i. e. of 1–forms on the h–subspace, N˜a = δjN
adxi which are closed on
this subspace,
δN˜a =
1
2
(
∂Nai
∂xj
−
∂Naj
∂xi
+N bi
∂Naj
∂yb
−N bj
∂Nai
∂yb
)
dxi ∧ dxj = 0,
satisfying the (61). Having defined such Nai and computing the values ∂cN
a
i , we may try
to solve (60) rewritten as a system of first order partial differential equations
∂hbc
∂xk
= N ek
∂hbc
∂ye
+ ∂bN
d
k hdc + ∂cN
d
khdb
with known coefficients.
We can also associate the nontrivial values of T̂τβγ (in particular cases, of T̂
a
.bi) to be
related to any algebraic equations in the Einstein–Cartan theory or dynamical equations
for torsion like in string or supergravity models. But in this case we shall prescribe a specific
class of anholonomically constrained dynamics for the N–adapted frames.
Finally, we note that if a (pseudo) Riemannian space is provided with a generic off–
diagonal metric structure (see Remark 2.1) we can consider alternatively to the Levi–Civita
connection an infinite number of metric d–connections, details in the section 3.5.1. Such d–
connections have nontrivial d–torsions Tτβγ induced by anholonomic frames and constructed
from off–diagonal metric terms and h- and v–components of d–metrics.
3.3 The set of metric d–connections
Let us define the set of all possible metric d–connections, satisfying the conditions (55)
and being constructed only form gij, hab and N
a
i and their partial derivatives. Such d–
connections satisfy certain conditions for d–torsions that T ijk = T
a
bc = 0 and can be
generated by two procedures of deformation of the connection
Γ̂γαβ →
[K]Γγαβ = Γ
γ
αβ +
[K]Zγαβ (Kawaguchi’s metrization [39]) ,
or → [M ]Γγαβ = Γ̂
γ
αβ +
[M ]Zγαβ (Miron’s connections [14] ).
Theorem 3.2. Every deformation d–tensor (equivalently, distorsion, or deflection)
[K]Zγαβ = {
[K]Z ijk =
1
2
gimD
[h]
j gmk,
[K]Zabk =
1
2
hacD
[h]
k hcb,
[K]Z ija =
1
2
gimD[v]a gmj,
[K]Zabc =
1
2
hadD[v]c hdb}
transforms a d–connection Γγαβ =
(
Lijk, L
a
bk, C
i
jc, C
a
bc
)
(26) into a metric d–connection
[K]Γγαβ =
(
Lijk +
[K]Z ijk, L
a
bk +
[K]Zabk, C
i
jc +
[K]Z ija, C
a
bc +
[K]Zabc
)
.
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The proof consists from a straightforward verification which demonstrate that the con-
ditions (55) are satisfied on Vn+m for [K]D = {[K]Γγαβ} and gαβ = (gij, hab) . We note that
the Kawaguchi’s metrization procedure contains additional covariant derivations of the d–
metric coefficients, defined by arbitrary d–connection, not only N–adapted derivatives of
the d–metric and N–connection coefficients as in the case of the canonical d–connection.
Theorem 3.3. For a fixed d–metric structure (33), gαβ = (gij , hab) , on a space V
n+m,
the set of metric d–connections [M ]Γγαβ = Γ̂
γ
αβ +
[M ]Zγαβ is defined by the deformation
d–tensor
[M ]Zγαβ = {
[M ]Z ijk =
[−]OlikmY
m
lj ,
[M ]Zabk =
[−]OeabdY
m
ej ,
[M ]Z ija =
[+]Omijk Y
k
mc,
[M ]Zabc =
[+]OeabdY
d
ec}
where the so–called Obata operators are defined
[±]Olikm =
1
2
(
δlkδ
i
m ± gkmg
li
)
and [±]Oeabd =
1
2
(δebδ
a
d ± hbdh
ea)
and Y mlj , Y
m
ej , Y
k
mc, Y
d
ec are arbitrary d–tensor fields.
The proof consists from a direct verification of the fact that the conditions (55) are
satisfied on Vn+m for [M ]D = {[M]Γγαβ}. We note that the relation (57) between the Levi–
Civita and the canonical d–connection is a particular case of [M ]Zγαβ , when Y
m
lj , Y
m
ej and Y
d
ec
are zero, but Y kmc is taken to have
[+]Omijk Y
k
mc =
1
2
gikΩajkhca.
There is a very important consequence of the Theorems 3.2 and 3.3: For a generic
off–diagonal metric structure (34) we can derive a N–connection structure Nai with a d–
metric gαβ = (gij, hab) (33). So, we may consider an infinite number of d–connections {D},
all constructed from the coefficients of the off–diagonal metrics, satisfying the metricity
conditions Dγgαβ = 0 and having partial vanishing torsions, T
i
jk = T
a
bc = 0. The covariant
calculi associated to the set {D} are adapted to the N–connection splitting and alternative
to the covariant calculus defined by the Levi–Civita connection ▽, which is not adapted to
the N–connection.
3.4 Nonmetricity in Finsler Geometry
Usually, the N–connection, d–connection and d–metric in generalized Finsler spaces satisfy
certain metric compatibility conditions [14, 15, 16, 17]. Nevertheless, there were considered
some classes of d–connections (for instance, related to the Berwald d–connection) with
nontrivial components of the nonmetricity d–tensor. Let us consider some such examples
modeled on metric–affine spaces.
3.4.1 The Berwald d–connection
A d–connection of Berwald type (see, for instance, Ref. [14] on such configurations in
Finsler and Lagrange geometry), [B]Γγα =
[B]Γ̂γαβϑ
β, is defined by h- and v–irreducible
components
[B]Γγαβ =
(
L̂i jk,
∂Nak
∂yb
, 0, Ĉabc
)
, (62)
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with L̂i jk and Ĉ
a
bc taken as in (56), satisfying only partial metricity compatibility conditions
for a d–metric (33), gαβ = (gij, hab) on space V
n+m
[B]D
[h]
k gij = 0 and
[B]D[v]c hab = 0.
This is an example of d–connections which may possess nontrivial nonmetricity components,
[B]Qαβγ =
(
[B]Qcij ,
[B]Qiab
)
with
[B]Qcij =
[B]D[v]c gij and
[B]Qiab =
[B]D
[h]
i hab. (63)
So, the Berwald d–connection defines a metric–affine space Vn+m with N–connection struc-
ture.
If L̂i jk = 0 and Ĉ
a
bc = 0, we obtain a Berwald type connection
[N ]Γγαβ =
(
0,
∂Nak
∂yb
, 0, 0
)
induced by the N–connection structures. It defines a vertical covariant derivation [N ]D
[v]
c
acting in the v–subspace of Vn+m, with the coefficients being partial derivatives on v–
coordinates ya of the N–connection coefficients Nai [41].
We can generalize the Berwald connection (62) to contain any fixed values of d–torsions
T i.jk and T
a
.bc from the h- v–decomposition (95). We can check by a straightforward calcu-
lations that the d–connection
[Bτ ]Γγαβ =
(
L̂i jk + τ
i
jk,
∂Nak
∂yb
, 0, Ĉabc + τ
a
bc
)
(64)
with
τ ijk =
1
2
gil
(
gkhT
h
.lj + gjhT
h
.lk − glhT
h
jk
)
(65)
τabc =
1
2
had
(
hbfT
f
dc + hcfT
f
db − hdfT
f
bc
)
results in [Bτ ]Tijk = T
i
.jk and
[Bτ ]Tabc = T
a
.bc. The d–connection (64) has certain nonvanishing
irreducible nonmetricity components [Bτ ]Qαβγ =
(
[Bτ ]Qcij ,
[Bτ ]Qiab
)
.
In general, by using the Kawaguchi metrization procedure (see Theorem 3.2) we can
also construct metric d–connections with prescribed values of d–torsions T i.jk and T
a
.bc, or
to express, for instance, the Levi–Civita connection via coefficients of an arbitrary metric
d–connection (see details, for vector bundles, in [14]).
Similarly to formulas (75), (76) and (77), we can express a general affine Berwald d–
connection [Bτ ]D, i. e. [Bτ ]Γγ α =
[Bτ ]Γγαβϑ
β , via its deformations from the Levi–Civita
connection Γα▽ β,
[Bτ ]Γαβ = Γ
α
▽ β +
[Bτ ]Zα β, (66)
Γα▽ β being expressed as (54) (equivalently, defined by (53)) and
[Bτ ]Zαβ = eβ⌋
[Bτ ]Tα − eα⌋
[Bτ ]Tβ +
1
2
(
eα⌋eβ⌋
[Bτ ]Tγ
)
ϑγ (67)
+
(
eα⌋
[Bτ ]Qβγ
)
ϑγ −
(
eβ⌋
[Bτ ]Qαγ
)
ϑγ +
1
2
[Bτ ]Qαβ .
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defined with prescribed d–torsions [Bτ ]Tijk = T
i
.jk and
[Bτ ]Tabc = T
a
.bc. This Berwald d–
connection can define a particular subclass of metric–affine connections being adapted to
the N–connection structure and with prescribed values of d–torsions.
3.4.2 The canonical/ Berwald metric–affine d–connections
If the deformations of d–metrics in formulas (76) and (66) are considered not with respect
to the Levi–Civita connection Γα▽ β but with respect to the canonical d–connection Γ̂
γ
αβ
with h- v–irreducible coefficients (56), we can construct a set of canonical metric–affine d–
connections. Such metric–affine d–connections Γγ α = Γ
γ
αβϑ
β are defined via deformations
Γαβ = Γ̂
α
β + Ẑ
α
β, (68)
Γ̂αβ being the canonical d–connection (26) and
Ẑαβ = eβ⌋ Tα − eα⌋ Tβ +
1
2
(eα⌋eβ⌋ Tγ)ϑ
γ (69)
+
(
eα⌋
[Bτ ]Qβγ
)
ϑγ − (eβ⌋ Qαγ)ϑ
γ +
1
2
[Bτ ]Qαβ
where Tα and Qαβ are arbitrary torsion and nonmetricity structures.
A metric–affine d–connection Γγ α can be also considered as a deformation from the
Berwald connection [Bτ ]Γγαβ
Γαβ =
[Bτ ]Γγαβ +
[Bτ ] Ẑα β, (70)
[Bτ ]Γγαβ being the Berwald d–connection (64) and
[Bτ ] Ẑα β = eβ⌋ Tα − eα⌋ Tβ +
1
2
(eα⌋eβ⌋ Tγ)ϑ
γ (71)
+
(
eα⌋
[Bτ ]Qβγ
)
ϑγ − (eβ⌋ Qαγ)ϑ
γ +
1
2
[Bτ ]Qαβ
The h- and v–splitting of formulas can be computed by introducing N–frames eγ =
(δi = ∂i −N
a
i ∂a, ∂a) and N–coframes ϑ
β = (dxi, δya = dya +Nai dx
i) and d–metric g =
(gij,hab) into (54), (66) and (67) for the general Berwald d–connections. In a similar form we
can compute splitting by introducing the N–frames and d–metric into (26), (68) and (69)
for the metric affine canonic d–connections and, respectively, into (64), (70) and (71) for
the metric–affine Berwald d–connections. For the corresponding classes of d–connections,
we can compute the torsion and curvature tensors by introducing respective connections
(54), (76), (56), (62), (64), (66), (68) and (70) into the general formulas for torsion (41)
and curvature (42) on spaces provided with N–connection structure.
3.5 N–connections in metric–affine spaces
In order to elaborate a unified MAG and generalized Finsler spaces scheme, it is necessary
to explain how the N–connection emerge in a metric–affine space and/or in more particular
cases of Riemann–Cartan and (pseudo) Riemann geometry.
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3.5.1 Riemann geometry as a Riemann–Cartan geometry with N–connection
It is well known the interpretation of the Riemann–Cartan geometry as a generalization
of the Riemannian geometry by distorsions (of the Levi–Civita connection) generated by
the torsion tensors [38]. Usually, the Riemann–Cartan geometry is described by certain
geometric relations between the torsion tensor, curvature tensor, metric and the Levi–
Civita connection on effective Riemann spaces. We can establish new relations between the
Riemann and Riemann–Cartan geometry if generic off–diagonal metrics and anholonomic
frames of reference are introduced into consideration. Roughly speaking, a generic off–
diagonal metric induces alternatively to the well known Riemann spaces a certain class of
Riemann–Cartan geometries, with torsions completely defined by off–diagonal metric terms
and related anholonomic frame structures.
Theorem 3.4. Any (pseudo) Riemannian spacetime provided with a generic off–diagonal
metric, defining the torsionless and metric Levi–Civita connection, can be equivalently mod-
eled as a Riemann–Cartan spacetime provided with a canonical d–connection adapted to
N–connection structure.
Proof:
Let us consider how the data for a (pseudo) Riemannian generic off–diagonal metric gαβ
parametrized in the form (34) can generate a Riemann–Cartan geometry. It is supposed that
with respect to any convenient anholonomic coframes (22) the metric is transformed into a
diagonalized form of type (33), which gives the possibility to define Nai and gαβ = [gij, hab]
and to compute the aholonomy coefficients wγαβ (24) and the components of the canonical
d–connection Γ̂γαβ =
(
L̂ijk, L̂
a
bk, Ĉ
i
jc, Ĉ
a
bc
)
(56). This connection has nontrivial d–torsions
T̂α.βγ, see the Theorem 2.2 and Corollary 3.1. In general, such d–torsions are not zero
being induced by the values Nai and their partial derivatives, contained in the former off–
diagonal components of the metric (34). So, the former Riemannian geometry, with respect
to anholonomic frames with associated N–connection structure, is equivalently rewritten in
terms of a Riemann–Cartan geometry with nontrivial torsion structure.
We can provide an inverse construction when a diagonal d–metric (33) is given with
respect to an anholonomic coframe (22) defined from nontrivial values of N–connection
coefficients, Nai . The related Riemann–Cartan geometry is defined by the canonical d–
connection Γ̂γαβ possessing nontrivial d–torsions T̂
α
.βγ. The data for this geometry with
N–connection and torsion can be directly transformed [even with respect to the same N–
adapted (co) frames] into the data of related (pseudo) Riemannian geometry by using the
relation (57) between the components of Γ̂γαβ and of the Levi–Civita connection Γ
τ
▽βγ.
Remark 3.1.
a) Any generic off–diagonal (pseudo) Riemannian metric gαβ[N
a
i ] → gαβ = [gij, hab] in-
duces an infinite number of associated Riemann–Cartan geometries defined by sets of d–
connections D = {Γγαβ} which can be constructed according the Kawaguchi’s and, respec-
tively, Miron’s Theorems 3.2 and 3.3.
b) For any metric d–connection D = {Γγαβ} induced by a generic off–diagonal metric (34),
we can define alternatively to the standard (induced by the Levi–Civita connection) the Ricci
d–tensor (49), Rαβ, and the Einstein d–tensor (51), Gαβ .
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We emphasize that all Riemann–Cartan geometries induced by metric d–connections D
are characterized not only by nontrivial induced torsions Tα.βγ but also by corresponding
nonsymmetric Ricci d–tensor, Rαβ, and Einstein d–tensor, Gαβ, for which DγGαβ 6= 0.
This is not a surprising fact, because we transferred the geometrical and physical objects
on anholonomic spaces, when the conservation laws should be redefined as to include the
anholonomically imposed constraints.
Finally, we conclude that for any generic off–diagonal (pseudo) Riemannian metric we
have two alternatives: 1) to choose the approach defined by the Levi–Civita connection ▽,
with vanishing torsion and usually defined conservation laws ▽γG
[▽]
αβ = 0, or 2) to diagonal-
ize the metric effectively, by respective anholonomic transforms, and transfer the geometric
and physical objects into effective Riemann–Cartan geometries defined by corresponding
N–connection and d–connection structures. All types of such geometric constructions are
equivalent. Nevertheless, one could be defined certain priorities for some physical models
like ”simplicity” of field equations and definition of conservation laws and/or the possibility
to construct exact solutions. We note also that a variant with induced torsions is more ap-
propriate for including in the scheme various type of generalized Finsler structures and/or
models of (super) string gravity containing nontrivial torsion fields.
3.5.2 Metric–affine geometry and N–connections
A general affine (linear) connection D = ▽+ Z = {Γγβα = Γ
γ
▽βα + Z
γ
βα}
Γγα = Γ
γ
αβϑ
β , (72)
can always be decomposed into the Riemannian Γα▽ β and post–Riemannian Z
α
β parts (see
Refs. [4] and, for irreducible decompositions to the effective Einstein theory, see Ref. [26]),
Γαβ = Γ
α
▽ β + Z
α
β (73)
where the distorsion 1-form Zαβ is expressed in terms of torsion and nonmetricity,
Zαβ = eβ⌋Tα − eα⌋Tβ +
1
2
(eα⌋eβ⌋Tγ)ϑ
γ + (eα⌋Qβγ)ϑ
γ − (eβ⌋Qαγ)ϑ
γ +
1
2
Qαβ, (74)
Tα is defined as (38) and Qαβ + −Dgαβ .
8 For Qβγ = 0, we obtain from (74) just the
distorsion for the Riemannian–Cartan geometry [38].
By substituting arbitrary (co) frames, metrics and linear connections into N–adapted
ones (i. e. performing changes
eα → eα, ϑ
β → ϑβ, gαβ → gαβ = (gij, hab) ,Γ
γ
α → Γ
γ
α
with Qαβ = Qγαβϑ
γ and Tα as in (41)) into respective formulas (72), (73) and (74), we can
define an affine connection D = ▽+ Z = {Γγβα} with respect to N–adapted (co) frames,
Γγ α = Γ
γ
αβϑ
β , (75)
8We note that our Γγα and Z
α
β are respectively the Γ
γ
α and Nαβ from Ref. [26]; in our works we use
the symbol N for N–connections.
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with
Γαβ = Γ
α
▽ β + Z
α
β, (76)
Γα▽ β being expressed as (54) (equivalently, defined by (53)) and Z
α
β expressed as
Zαβ = eβ⌋Tα − eα⌋Tβ +
1
2
(eα⌋eβ⌋Tγ)ϑ
γ + (eα⌋Qβγ)ϑ
γ − (eβ⌋Qαγ)ϑ
γ +
1
2
Qαβ . (77)
The h– and v–components of Γαβ from (76) consists from the components of Γ
α
▽ β (consid-
ered for (54)) and of Zαβ with Z
α
γβ =
(
Z ijk, Z
a
bk, Z
i
jc, Z
a
bc
)
.The values
Γα▽γβ + Z
α
γβ =
(
Li▽jk + Z
i
jk, L
a
▽bk + Z
a
bk, C
i
▽jc + Z
i
jc, C
a
▽bc + Z
a
bc
)
are defined correspondingly
Li▽jk + Z
i
jk = [(▽k + Zk)δj ]⌋d
i, La▽bk + Z
a
bk = [(▽k + Zk)∂b]⌋δ
a,
C i▽jc + Z
i
jc = [(▽c + Zc) δj ]⌋d
i, Ca▽bc + Z
a
bc = [(▽c + Zc) ∂b]⌋δ
a.
and related to (77) via h- and v–splitting of N–frames eγ = (δi = ∂i −N
a
i ∂a, ∂a) and N–
coframes ϑβ = (dxi, δya = dya +Nai dx
i) and d–metric g = (gij,hab) .
We note that for Qαβ = 0, the distorsion 1–form Zαβ defines a Riemann–Cartan geom-
etry adapted to the N–connection structure.
Let us briefly outline the procedure of definition of N–connections in a metric–affine
space V n+m with arbitrary metric and connection structures
(
g[od] = {gαβ},Γ
γ
βα
)
and show
how the geometric objects may be adapted to the N–connection structure.
Proposition 3.4. Every metric–affine space provided with a generic off–diagonal metric
structure admits nontrivial N–connections.
Proof: We give an explicit example how to introduce the N–connection structure. We
write the metric with respect to a local coordinate basis,
g[od] = gαβdu
α ⊗ duβ,
where the matrix gαβ contains a non–degenerated (m×m) submatrix hab, for instance
like in ansatz (34). Having fixed the block hab, labeled by running of indices a, b, ... =
n + 1, n + 2, ..., n + m, we can define the (n× n) bloc gij with indices i, j, ... = 1, 2, ...n.
The next step is to find any nontrivial Nai (the set of coefficients has being defined, we may
omit underlying) and find N ej from the (n×m) block relations gja = N
e
j hae. This is always
possible if gαβ is generic off–diagonal. The next step is to compute gij = gij − N
a
i N
e
j hae
which gives the possibility to transform equivalently
g[od] → g = gijϑ
i ⊗ ϑj + habϑ
a ⊗ ϑb
where
ϑi + dxi, ϑa + δya = dya +Nai (u) dx
i
are just the N–elongated differentials (22) if the local coordinates associated to the block
hab are denoted by y
a and the rest ones by xi. We impose a global splitting of the metric–
affine spacetime by stating that all geometric objects are subjected to anholonomic frame
31
transforms with vielbein coefficients of type (16) and (17) defined by N = {Nai }. This way,
we define on the metric–affine space a vector/covector bundle structure if the coordinates
ya are treated as certain local vector/ covector components.
We note, that having defined the values ϑα =
(
ϑi, ϑb
)
and their duals eα = (ei, ea) ,
we can compute the linear connection coefficients with respect to N–adapted (co) frames,
Γγβα → Γ˜
γ
βα. However, Γ˜
γ
βα, in general, is not a d–connection, i. e. it is not adapted
to the global splitting TVn+m = hVn+m ⊕ vVn+m defined by N–connection, see Definition
2.11. If the metric and linear connection are not subjected to any field equations, we are
free to consider distorsion tensors in order to be able to apply the Theorems 3.2 and/or 3.3
with the aim to transform Γ˜γβα into a metric d–connection, or even into a Riemann–Cartan
d–connection. Here, we also note that a metric–affine space, in general, admits different
classes of N–connections with various nontrivial global splittings n′ +m′ = n +m, where
n′ 6= n.
We can state from the very beginning that a metric–affine space Vn+m is provided
with d–metric (33) and d–connection strucuture (26) adapted to a class of prescribed viel-
bein transforms (16) and (17) and N–elongated frames (21) and (22). All constructions
can be redefined with respect to coordinate frames (18) and (19) with off–diagonal metric
parametrization (34) and then subjected to another frame and coordinate transforms hid-
ing the existing N–connection structure and distinguished character of geometric objects.
Such ’distinguished’ metric–affine spaces are characterized by corresponding N–connection
geometries and admit geometric constructions with distinguished objects. They form a
particular subclass of metric–affine spaces admitting transformations of the general linear
connection Γγβα into certain classes of d–connections Γ
γ
βα.
Definition 3.2. A distinguished metric–affine space Vn+m is a usual metric–affine space
additionally enabled with a N–connection structure N = {Nai } inducing splitting into re-
spective irreducible horizontal and vertical subspaces of dimensions n and m. This space is
provided with independent d–metric (33) and affine d–connection (26) structures adapted
to the N–connection.
The metric–affine spacetimes with stated N–connection structure are also characterized
by nontrivial anholonomy relations of type (23) with anholonomy coefficients (24). This
is a very specific type of noncommutative symmetry generated by N–adapted (co) frames
defining different anholonomic noncommutative differential calculi (for details with respect
to the Einstein and gauge gravity see Ref. [47]).
We construct and analyze explicit examples of metric–affine spacetimes with associated
N–connection (noncommutative) symmetry in Refs. [33]. A surprizing fact is that various
types of d–metric ansatz (33) with associated N–elongated frame (21) and coframe (22)
(or equivalently, respective off–diagonal ansatz (34)) can be defined as exact solutions in
Einstein gravity of different dimensions and in metric–affine, or Einstein–Cartan gravity
and gauge model realizations. Such solutions model also generalized Finsler structures.
4 Generalized Finsler–Affine Spaces
The aim of this section is to demonstrate that any well known type of locally anistoropic or
locally isotropic spaces can be defined as certain particular cases of distinguished metric–
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affine spaces. We use the general term of ”generalized Finsler–affine spaces” for all type of
geometries modeled in MAG as generalizations of the Riemann–Cartan–Finsler geometry,
in general, containing nonmetricity fields. A complete classification of such spaces is given
by Tables 1–11 in the Appendix.
4.1 Spaces with vanishing N–connection curvature
Three examples of such spaces are given by the well known (pseudo) Riemann, Riemann–
Cartan or Kaluza–Klein manifolds of dimension (n+m) provided with a generic off–
diagonal metric structure g
αβ
of type (34), of corresponding signature, which can be reduced
equivalently to the block (n× n)⊕ (m×m) form (33) via vielbein transforms (16). Their
N–connection structures may be restricted by the condition Ωaij = 0, see (20).
4.1.1 Anholonomic (pseudo) Riemannian spaces
The (pseudo) Riemannian manifolds, Vn+mR , provided with a generic off–diagonal metric
and anholonomic frame structrue effectively diagonalizing such a metric is an anholonomic
(pseudo) Riemannian space. The space admits associated N–connection structures with
coefficients induced by generic off–diagonal terms in the metric (34). If the N–connection
curvature vanishes, the Levi–Civita connection is closely defined by the same coefficients
as the canonical d–connection (linear connections computed with respect to the N–adapted
(co) frames), see Proposition 3.2 and related discussions in section 3. Following the Theorem
3.4, any (pseudo) Riemannian space enabled with generic off–diagonal connection structure
can be equivalently modeled as a effective Riemann–Cartan geometry with induced N–
connection and d–torsions.
There were constructed a number of exact ’off–diagonal’ solutions of the Einstein equa-
tions [34, 35, 25], for instance, in five dimensional gravity (with various type restrictions to
lower dimensions) with nontrivial N–connection structure with ansatz for metric of type
g = ω
(
xi, y4
)
[g1(dx
1)2 + g2
(
x2, x3
)
(dx2)2 + g3
(
x2, x3
)
(dx3)2
+h4
(
x2, x3, y4
) (
δy4
)2
+ h5
(
x2, x3, y4
) (
δy5
)2
], (78)
for g1 = const, where
δya = dya +Nak
(
xi, y4
)
dya
with indices i, j, k... = 1, 2, 3 and a = 4, 5. The coefficients Nai (x
i, y4) were searched as
a metric ansatz of type (34) transforming equivalently into a certain diagonalized block
(33) would parametrize generic off–diagonal exact solutions. Such effective N–connections
are contained into a corresponding anholonomic moving or static configuration of tetrads/
pentads (vierbeins/funfbeins) defining a conventional splitting of coordinates into n holo-
nomic and m anholonomic ones, where n + m = 4, 5. The ansatz (78) results in exact
solutions of vacuum and nonvacuum Einstein equations which can be integrated in general
form. Perhaps, all known at present time exact solutions in 3-5 dimensional gravity can
be included as particular cases in (78) and generalized to anholonomic configurations with
running constants and gravitational and matter polarizations (in general, anisotropic on
variable y4) of the metric and frame coefficients.
33
The vector/ tangent bundle configurations and/or torsion structures can be effectively
modeled on such (pseudo) Riemannian spaces by prescribing a corresponding class of an-
holonomic frames. Such configurations are very different from those, for instance, defined
by Killing symmetries and the induced torsion vanishes after frame transforms to coordi-
nate bases. For a corresponding parametrizations of Nai (u) and gαβ, we can model Finsler
like structures even in (pseudo) Riemannian spacetimes or in gauge gravity [25, 36, 37].
The anholonomic Riemannian spaces Vn+mR consist a subclass of distinguished metric–
affine spaces Vn+m provided with N–connection structure, characterized by the condition
that nonmetricity d–filed Qαβγ = 0 and that a certain type of induced torsions T
α
βγ vanish
for the Levi–Civita connection. We can take a generic off–diagonal metric (34), transform
it into a d–metric (33) and compute the h- and v-components of the canonical d–connection
(26) and put them into the formulas for d–torsions (95) and d–curvatures (48). The vacuum
solutions are defined by d–metrics and N–connections satisfying the condition Rαβ = 0, see
the h–, v–components (49).
In order to transform certain geometric constructions defined by the canonical d–
connection into similar ones for the Levi–Civita connection, we have to constrain the
N–connection structure as to have vanishing N–curvature, Ωaij = 0, or to see the con-
ditions when the deformation of Levi–Civita connection to any d–connection result in
non–deformations of the Einstein equation. We obtain a (pseudo) Riemannian vacuum
spacetime with anholonomially induced d–torsion components T̂ ija = −T̂
i
aj = Ĉ
i
.ja and
T̂ a.bi = −T̂
a
.ib = ∂N
a
i /∂y
b − L̂a.bj . This torsion can be related algebraicaly to a spin source
like in the usual Riemann–Cartan gravity if we want to give an algebraic motivation to the
N–connection splitting. We emphasize that the N–connection and d–metric coefficients can
be chosen in order to model on Vn+mR a special subclass of Finsler/ Lagrange structures
(see discussion in section 4.2.3).
4.1.2 Kaluza–Klein spacetimes
Such higher dimension generalizations of the Einstein gravity are characterized by a metric
ansatz
g
αβ
=
[
gij(x
κ) + Aai (x
κ)Abj(x
κ)hab(x
κ, ya) Aej(x
κ)hae(x
κ, ya)
Aei (x
κ)hbe(x
κ, ya) hab(x
κ, ya)
]
(79)
(a particular case of the metric (34)) with certain compactifications on extra dimension
coordinates ya. The values Aai (x
κ) are considered to define gauge fields after compacti-
fications (the electromatgnetic potential in the original extension to five dimensions by
Kaluza and Klein, or some non–Abelian gauge fields for higher dimension generalizations).
Perhaps, the ansatz (79) was originally introduced in Refs. [48] (see [49] as a review of
non–supersymmetry models and [50] for supersymmetric theories).
The coefficients Aai (x
κ) from (79) are certain particular parametrizations of the N–
connection coefficients Nai (x
κ, ya) in (34). This suggests a physical interpretation for the
N–connection as a specific nonlinear gauge field depending both on spacetime and extra
dimension coordinates (in general, noncompactified). In the usual Kaluza–Klein (super)
theories, there were not considered anholonomic transforms to block d–metrics (33) con-
taining dependencies on variables ya.
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In some more general approaches, with additional anholonomic structures on lower
dimensional spacetime, there were constructed a set of exact vacuum five dimensional solu-
tions by reducing ansatz (79) and their generalizations of form (34) to d–metric ansatz of
type (78), see Refs. [34, 35, 36, 37, 25, 47]. Such vacuum and nonvacuum solutions describe
anisotropically polarized Taub–NUT spaces, wormhole/ flux tube confiugurations, moving
four dimensional black holes in bulk five dimensional spacetimes, anisotropically deformed
cosmological spacetimes and various type of locally anisotropic spinor–soliton–dialton in-
teractions in generalized Kaluza–Klein and string/ brane gravity.
4.1.3 Teleparallel spaces
Teleparallel theories are usually defined by two geometrical constraints [9] (here, we intro-
duce them for d–connections and nonvanishing N–connection structure),
Rαβ = δΓ
α
β + Γ
α
γ ∧ Γ
γ
β = 0 (80)
and
Qαβ = −Dgαβ = −δgαβ + Γ
γ
βgαγ + Γ
γ
αgβγ = 0. (81)
The conditions (80) and (81) establish a distant paralellism in such spaces because the
result of a parallel transport of a vector does not depend on the path (the angles and
lengths being also preserved under parallel transports). It is always possible to find such
anholonomic transforms eα = A
β
α eβ and eα = A
β
α eβ, where A
β
α is inverse to A
β
α when
Γαβ → Γ
α
β = A
β
β Γ
α
βA
α
α + A
α
γδA
γ
β = 0
and the transformed local metrics becomes the standard Minkowski,
gαβ = diag (−1,+1, ....,+1)
(it can be fixed any signature). If the (co) frame is considered as the only dynamical
variable, it is called that the space (and choice of gauge) are of Weitzenbock type. A
coframe of type (22)
ϑβ +
(
δxi = dxi, δya = dya +Nai (u) dx
i
)
is defined by N–connection coefficients. If we impose the condition of vanishing the N–
connection curvature, Ωaij = 0, see (20), the N–connection defines a specific anholonomic
dynamics because of nontrivial anholonomic relations (23) with nonzero components (24).
By embedding teleparallel configurations into metric–affine spaces provided with N–
connection structure we state a distinguished class of (co) frame fields adapted to this
structure and open possibilities to include such spaces into Finsler–affine ones, see section
4.2.4. For vielbein fields e αα and their inverses e
α
α related to the d–metric (33),
gαβ = e
α
α e
β
β gαβ
we define the Weitzenbock d–connection
[W ]Γαβγ = e
α
αδγe
α
β , (82)
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where δγ is the N–elongated partial derivative (21). It transforms in the usual Weitzenbock
connection for trivial N–connections. The torsion of [W ]Γαβγ is defined
[W ]Tαβγ =
[W ]Γαβγ −
[W ]Γαγβ . (83)
It posses h– and v–irreducible components constructed from the components of a d–metric
and N–adapted frames. We can express
[W ]Γαβγ = Γ
α
▽ βγ + Z
α
βγ
where Γα▽ βγ is the Levi–Civita connection (53) and the contorsion tensor is
Zαβ = eβ⌋
[W ]Tα− eα⌋
[W ]Tβ +
1
2
(
eα⌋eβ⌋
[W ]Tγ
)
ϑγ + (eα⌋Qβγ)ϑ
γ − (eβ⌋Qαγ)ϑ
γ +
1
2
Qαβ.
In formulation of teleparallel alternatives to the general relativity it is considered that
Qαβ = 0.
4.2 Finsler and Finsler–Riemann–Cartan spaces
The first approaches to Finsler spaces [15, 16] were developed by generalizing the usual
Riemannian metric interval
ds =
√
gij (x) dxidxj
on a manifold M of dimension n into a nonlinear one
ds = F
(
xi, dxj
)
(84)
defined by the Finsler metric F (fundamental function) on T˜M = TM\{0} (it should be
noted an ambiguity in terminology used in monographs on Finsler geometry and on gravity
theories with respect to such terms as Minkowski space, metric function and so on). It is
also considered a quadratic form on IR2 with coefficients
g
[F ]
ij → hab =
1
2
∂2F 2
∂yi∂yj
(85)
defining a positive definite matrix. The local coordinates are denoted uα = (xi, ya → yi).
There are satisfied the conditions: 1) The Finsler metric on a real manifold M is a function
F : TM → IR which on T˜M = TM\{0} is of class C∞ and F is only continuous on the
image of the null cross–sections in the tangent bundle to M. 2) F (x, χy) = χF (x, y) for
every IR∗+. 3) The restriction of F to T˜M is a positive function. 4) rank
[
g
[F ]
ij (x, y)
]
= n.
There were elaborated a number of models of locally anisotropic spacetime geometry
with broken local Lorentz invariance (see, for instance, those based on Finsler geometries
[17, 19]). In result, in the Ref. [51], it was ambigously concluded that Finsler gravity
models are very restricted by experimental data. Recently, the subject concerning Lorentz
symmetry violations was revived for instance in brane gravity [52] (see a detailed analy-
sis and references on such theoretical and experimental researches in [53]). In this case,
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the Finsler like geometries broking the local four dimensional Lorentz invariance can be
considered as a possible alternative direction for investigating physical models both with
local anisotropy and violation of local spacetime symmetries. But it should be noted here
that violations of postulates of general relativity is not a generic property of the so–called
”Finsler gravity”. A subclass of Finsler geometries and their generalizations could be in-
duced by anholonomic frames even in general relativity theory and Riemannian–Cartan or
gauge gravity [25, 36, 37, 24]. The idea is that instead of geometric constructions based on
straightforward applications of derivatives of (85), following from a nonlinear interval (84),
we should consider d–metrics (33) with the coefficients from Finsler geometry (85) or their
extended variants. In this case, certain type Finsler configurations can be defined even as
exact ’off–diagonal’ solutions in vacuum Einstein gravity or in string gravity.
4.2.1 Finsler geometry and its almost Kahlerian model
We outline a modern approach to Finsler geometry [14] based on the geometry of nonlinear
connections in tangent bundles.
A real (commutative) Finsler space Fn = (M,F (x, y)) can be modeled on a tangent
bundle TM enabled with a Finsler metric F (xi, yj) and a quadratic form g
[F ]
ij (85) satisfying
the mentioned conditions and defining the Christoffel symbols (not those from the usual
Riemannian geometry)
cιjk(x, y) =
1
2
gih
(
∂jg
[F ]
hk + ∂kg
[F ]
jh − ∂hg
[F ]
jk
)
,
where ∂j = ∂/∂x
j , and the Cartan nonlinear connection
[F ]Nij(x, y) =
1
4
∂
∂yj
[
cιlk(x, y)y
lyk
]
, (86)
where we do not distinguish the v- and h- indices taking on TM the same values.
In Finsler geometry, there were investigated different classes of remarkable Finsler linear
connections introduced by Cartan, Berwald, Matsumoto and other geometers (see details
in Refs. [15, 17, 16]). Here we note that we can introduce g
[F ]
ij = gab and
[F ]Nij(x, y) in (34)
and transfer our considerations to a (n× n)⊕(n× n) blocks of type (33) for a metric–affine
space V n+n.
A usual Finsler space Fn = (M,F (x, y)) is completely defined by its fundamental tensor
g
[F ]
ij (x, y) and the Cartan nonlinear connection
[F ]Nij(x, y) and any chosen d–connection
structure (26) (see details on different type of d–connections in section 3). Additionally,
the N–connection allows us to define an almost complex structure I on TM as follows
I (δi) = −∂/∂y
i and I
(
∂/∂yi
)
= δi
for which I2 = −1.
The pair
(
g[F ], I
)
consisting from a Riemannian metric on a tangent bundle TM,
g[F ] = g
[F ]
ij (x, y)dx
i ⊗ dxj + g
[F ]
ij (x, y)δy
i ⊗ δyj (87)
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and the almost complex structure I defines an almost Hermitian structure on T˜M associated
to a 2–form
θ = g
[F ]
ij (x, y)δy
i ∧ dxj.
This model of Finsler geometry is called almost Hermitian and denoted H2n and it is
proven [14] that is almost Kahlerian, i. e. the form θ is closed. The almost Kahlerian space
K2n =
(
T˜M, g[F ], I
)
is also called the almost Kahlerian model of the Finsler space F n.
On Finsler spaces (and their almost Kahlerian models), one distinguishes the almost
Kahler linear connection of Finsler type, D[I] on T˜M with the property that this covariant
derivation preserves by parallelism the vertical distribution and is compatible with the
almost Kahler structure
(
g[F ], I
)
, i.e.
D
[I]
X g
[F ] = 0 and D
[I]
X I = 0
for every d–vector field on T˜M. This d–connection is defined by the data
[F ]Γ̂αβγ =
(
[F ]L̂ijk,
[F ]L̂ijk,
[F ]Ĉ ijk,
[F ]Ĉ ijk
)
(88)
with [F ]L̂ijk and
[F ]Ĉ ijk computed by similar formulas in (56) by using g
[F ]
ij as in (85) and
[F ]N ij from (86).
We emphasize that a Finsler space Fn with a d–metric (87) and Cartan’s N–connection
structure (86), or the corresponding almost Hermitian (Kahler) model H2n, can be equiv-
alently modeled on a space of dimension 2n, Vn+n, provided with an off–diagonal metric
(34) and anholonomic frame structure with associated Cartan’s nonlinear connection. Such
anholonomic frame constructions are similar to modeling of the Einstein–Cartan geome-
try on (pseudo) Riemannian spaces where the torsion is considered as an effective tensor
field. From this viewpoint a Finsler geometry is a Riemannian–Cartan geometry defined
on a tangent bundle provided with a respective off–diagonal metric (and a related anholo-
nomic frame structure with associated N–connection) and with additional prescriptions
with respect to the type of linear connection chosen to be compatible with the metric and
N–connection structures.
4.2.2 Finsler–Kaluza–Klein spaces
In Ref. [37] we defined a ’locally anisotropic’ toroidal compactification of the 10 dimen-
sional heterotic string sction [54]. We consider here the corresponding anholonomic frame
transforms and off–diagonal metric ansatz. Let (n′, m′) be the (holonomic, anholonomic)
dimensions of the compactified spacetime (as a particular case we can state n′ +m′ = 4,
or any integers n′ +m′ < 10, for instance, for brane configurations). There are used such
parametrizations of indices and of vierbeinds: Greek indices α, β, ...µ... run values for a
10 dimensional spacetime and split as α = (α′, α̂) , β =
(
β ′, β̂
)
, ... when primed indices
α′, β ′, ...µ′... run values for compactified spacetime and split into h- and v–components like
α′ = (i′, a′) , β ′ = (j′, b′) , ...; the frame coefficients are split as
e
µ
µ (u) =
(
e
α′
α′ (u
β′) Aα̂α′(u
β′)e
α̂
α̂ (u
β′)
0 e α̂α̂ (u
β′)
)
(89)
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where e α
′
α′ (u
β′), in their turn, are taken in the form (16),
e α
′
α′ (u
β′) =
(
e i
′
i′ (x
j′, ya
′
) Na
′
i′ (x
j′, ya
′
)e a
′
a′ (x
j′ , ya
′
)
0 e a
′
a′ (x
j′ , ya
′
)
)
. (90)
For the metric
g = g
αβ
duα ⊗ duβ (91)
we have the recurrent ansatz
g
αβ
=
[
gα′β′(u
β′) + Aα̂α′(u
β′)Aβ̂β′(u
β′)h
α̂β̂
(uβ
′
) h
α̂β̂
(uβ
′
)Aα̂α′(u
β′)
h
α̂β̂
(uβ
′
)Aβ̂β′(u
β′) h
α̂β̂
(uβ
′
)
]
, (92)
where
gα′β′ =
[
gi′j′(u
β′) +Na
′
i′ (u
β′)N b
′
j′ (u
β′)ha′b′(u
β′) ha′b′(u
β′)Na
′
i′ (u
β′)
ha′b′(u
β′)N b
′
j′ (u
β′) ha′b′(u
β′)
]
. (93)
After a toroidal compactification on uα̂ with gauge fields Aα̂α′(u
β′), generated by the
frame transform (89), we obtain a metric (91) like in the usual Kaluza–Klein theory (79)
but containing the values gα′β′(u
β′), defined as in (93) (in a generic off–diagonal form similar
to (34), labeled by primed indices), which can be induced as in Finsler geometry. This is
possible if gi′j′(u
β′), ha′b′(u
β′) → g
[F ]
i′j′(x
′, y′) (see (85)) and Na
′
i′ (u
β′) → N
[F ]i′
j′ (x
′, y′) (see
(86)) inducing a Finsler space with ”primed” labels for objects. Such locally anisotropic
spacetimes (in this case we emphasized the Finsler structures) can be generated anisotropic
toroidal compactifications from different models of higher dimension of gravity (string,
brane, or usual Kaluza–Klein theories). They define a mixed variant of Finsler and Kaluza–
Klein spaces.
By using the recurent ansatz (92) and (93), we can generate both nontrivial nonmetric-
ity and prescribed torsion structures adapted to a corresponding N–connection Na
′
i′ . For
instance, (after topological compactification on higher dimension) we can prescribe in the
lower dimensional spacetime certain torsion fields T k
′
i′j′ and T
a′
b′c′ (they could have a partic-
ular relation to the so called B–fields in string theory, or connected to other models). The
next steps are to compute τk
′
i′j′ and τ
a′
b′c′ by using formulas (65) and define
[Bτ ]Γγ
′
α′β′ =
(
Li
′
j′k′ = L̂
i′
j′k′ + τ
i′
j′k′, L
a′
.b′k′ =
∂Na
′
k′
∂yb′
, C i
′
.j′a′ = 0, C
a′
b′c′ = Ĉ
a′
b′c′ + τ
a′
b′c′
)
(94)
as in (64) (all formulas being with primed indices and L̂i
′
j′k′ and Ĉ
a′
b′c′ defined as in (56)).
This way we can generate from Kaluza–Klein/ string theory a Berwald spacetime with
nontrivial N–adapted nonmetricity
[Bτ ]Qα′β′γ′ =
[Bτ ]Dgβ′γ′ =
(
[Bτ ]Qc′i′j′,
[Bτ ]Qi′a′b′
)
and torsions [Bτ ]Tα
′
β′γ′ with h- and v– irreducible components
T i
′
.j′k′ = −T
i′
k′j′ = L
i′
j′k′ − L
i′
k′j′, T
i′
j′a′ = −T
i′
a′j′ = C
i′
.j′a′ , T
a′
.i′j′ =
δNa
′
i′
δxj′
−
δNa
′
j′
δxi′
,
T a
′
.b′i′ = −T
a′
.i′b′ =
∂Na
′
i′
∂yb′
− La
′
.b′j′, T
a′
.b′c′ = −T
a′
.c′b′ = C
a′
b′c′ − C
a′
c′b′ . (95)
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defined by the h- and v–coefficients of (94).
We conclude that if toroidal compactifications are locally anisotropic, defined by a chain
of ansatz containing N–connection, the lower dimensional spacetime can be not only with
torsion structure (like in low energy limit of string theory) but also with nonmetricity. The
anholonomy induced by N–connection gives the possibility to define a more wide class of
linear connections adapted to the h- and v–splitting.
4.2.3 Finsler–Riemann–Cartan spaces
Such spacetimes are modeled as Riemann–Cartan geometries on a tangent bundle TM when
the metric and anholonomic frame structures distinguished to be of Finsler type (87). Both
Finsler and Riemann–Cartan spaces possess nontrivial torsion structures (see section 2.4 for
details on definition and computation torsions of locally anisotropic spaces and Refs. [38]
for a review of the Einstein–Cartan gravity). The fundamental geometric objects defining
Finsler–Riemann–Cartan spaces consists in the triple
(
g[F ], ϑα[F ],Γ
γ
[F ]αβ
)
where g[F ] is a d–
metric (87), ϑα[F ] =
(
dxi, δyj = dyj +N j[F ]k
(
xl, ys
)
dxk
)
with N j[F ]k
(
xl, ys
)
of type (86) and
Γγ[F ]αβ is an arbitrary d–connection (26) on TM (we put the label [F] emphasizing that
the N–connection is a Finsler type one). The torsion Tα[F ] and curvature R
α
[F ]β d–forms are
computed following respectively the formulas (41) and (42) but for ϑα[F ] and Γ
γ
[F ]αβ.
We can consider an inverse modeling of geometries when (roughly speaking) the Finsler
configurations are ’hidden’ in Riemann–Cartan spaces. They can be distinguished for ar-
bitrary Riemann–Cartan manifolds V n+n coventionally splitted into ”horizontal” and ”ver-
tical” subspaces and provided with a metric ansatz of type (87) and with prescribed pro-
cedure of adapting the geometric objects to the Cartan N–connection N j[F ]k. Of course,
the torsion can not be an arbitrary one but admitting irreducible decompositions with
respect to N–frames e
[F ]
α and N–coframes ϑα[F ] (see, respectively, the formulas (21) and
(22) when Nai → N
j
[F ]i). There were constructed and investigated different classes of exact
solutions of the Einstein equations with anholonomic variables characterized by anholonom-
ically induced torsions and modelling Finsler like geometries in (pseudo) Riemannian and
Riemann–Cartan spaces (see Refs. [34, 35, 25]). All constructions from Finsler–Riemann–
Cartan geometry reduce to Finsler–Riemann configurations (in general, we can see metrics
of arbitrary signatures) if Γγ[F ]αβ is changed into the Levi–Civita metric connection defined
with respect to anholonomic frames eα and coframes ϑ
α when the N–connection curvature
Ωijk and the anholonomically induced torsion vanish.
4.2.4 Teleparallel generalized Finsler geometry
In Refs. [55] the teleparallel Finsler connections, the Cartan–Einstein unification in the
teleparallel approach and related moving frames with Finsler structures were investigated.
In our analysis of teleparallel geometry we heavily use the results on N–connection geometry
in order to illustrate how the teleparallel and metric affine gavity [9] can defined as to include
generalized Finsler structures. For a general metric–affine spaces admitting N–connection
structure Nai , the curvature R
α
.βγτ of an arbitrary d–connection Γ
γ
αβ =
(
Lijk, L
a
bk, C
i
jc, C
a
bc
)
splits into h– and v–irreversible components, Rα.βγτ = (R
i
hjk, R
a
bjk, P
i
jka, P
c
bka, S
i
jbc, S
a
bcd),
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see (48). In order to include Finsler like metrics, we state that the N–connection curvature
can be nontrivial Ωajk 6= 0, which is quite different from the condition imposed in section
4.1.3. The condition of vanishing of curvature for teleparallel spaces, see (80), is to be
stated separately for every h- v–irreversible component,
Rihjk = 0, R
a
bjk = 0, P
i
jka = 0, P
c
bka = 0, S
i
jbc = 0, S
a
bcd = 0.
We can define certain types of teleparallel Berwald connections (see sections 3.4.1 and
3.4.2) with certain nontrivial components of nonmetricity d–field (63) if we modify the
metric compatibility conditions (81) into a less strong one when
Qkij = −Dkgij = 0 and Qabc = −Dahbc = 0
but with nontrivial components
Qαβγ = (Qcij = −Dcgij , Qiab = −Dihab) .
The class of teleparallel Finsler spaces is distinguished by Finsler N–connection and
d–connection [F ]Nij(x, y) and
[F ]Γ̂αβγ =
(
[F ]L̂ijk,
[F ]L̂ijk,
[F ]Ĉ ijk,
[F ]Ĉ ijk
)
, see, respectively,
(86) and (88) with vanishing d–curvature components,
[F ]Rihjk = 0,
[F ]P ijka = 0,
[F ]Sijbc = 0.
We can generate teleparallel Finsler affine structures if it is not imposed the condition of
vanishing of nonmetricity d–field. In this case, there are considered arbitrary d–connections
Dα that for the induced Finsler quadratic form (87) g
[F ]
[F ]Qαβγ = −Dαg
[F ] 6= 0
but Rα.βγτ (D) = 0.
The teleparallel–Finsler configurations are contained as particular cases of Finsler–affine
spaces, see section 4.2.4. For vielbein fields e αα and their inverses e
α
α related to the d–metric
(87),
g
[F ]
αβ = e˜
α
α e˜
β
β gαβ
we define the Weitzenbock–Finsler d–connection
[WF ]Γαβγ = e˜
α
αδγ e˜
α
β (96)
where δγ are the elongated by
[F ]Nij(x, y) partial derivatives (21). The torsion of
[WF ]Γαβγ
is defined
[WF ]Tαβγ =
[WF ]Γαβγ −
[WF ]Γαγβ (97)
containing h– and v–irreducible components being constructed from the components of a
d–metric and N–adapted frames. We can express
[WF ]Γαβγ = Γ
α
▽ βγ + Zˆ
α
βγ + Z
α
βγ
where Γα▽ βγ is the Levi–Civita connection (53), Zˆ
α
βγ =
[F ] Γ̂αβγ−Γ
α
▽ βγ , and the contorsion
tensor is
Zαβ = eβ⌋
[W ]Tα− eα⌋
[W ]Tβ +
1
2
(
eα⌋eβ⌋
[W ]Tγ
)
ϑγ + (eα⌋Qβγ)ϑ
γ − (eβ⌋Qαγ)ϑ
γ +
1
2
Qαβ .
In the non-Berwald standard approaches to the Finsler–teleparallel gravity it is considered
that Qαβ = 0.
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4.2.5 Cartan geometry
The theory of Cartan spaces (see, for instance, [16, 56]) can be reformulated as a dual to
Finsler geometry [58] (see details and references in [20]). The Cartan space is constructed
on a cotangent bundle T ∗M similarly to the Finsler space on the tangent bundle TM.
Consider a real smooth manifold M, the cotangent bundle (T ∗M,pi∗,M) and the man-
ifold T˜ ∗M = T ∗M\{0}.
Definition 4.1. A Cartan space is a pair Cn = (M,K(x, p)) such that K : T ∗M → IR is
a scalar function satisfying the following conditions:
1. K is a differentiable function on the manifold T˜ ∗M = T ∗M\{0} and continuous on
the null section of the projection pi∗ : T ∗M →M ;
2. K is a positive function, homogeneous on the fibers of the T ∗M, i. e. K(x, λp) =
λF (x, p), λ ∈ IR;
3. The Hessian of K2 with elements
gˇij[K](x, p) =
1
2
∂2K2
∂pi∂pj
(98)
is positively defined on T˜ ∗M.
The function K(x, y) and gˇij(x, p) are called respectively the fundamental function and
the fundamental (or metric) tensor of the Cartan space Cn. We use symbols like ”gˇ” as to
emphasize that the geometrical objects are defined on a dual space.
One considers ”anisotropic” (depending on directions, momenta, pi) Christoffel symbols.
For simplicity, we write the inverse to (98) as g
(K)
ij = gˇij and introduce the coefficients
γˇijk(x, p) =
1
2
gˇir
(
∂gˇrk
∂xj
+
∂gˇjr
∂xk
−
∂gˇjk
∂xr
)
,
defining the canonical N–connection Nˇ = {Nˇij},
Nˇ
[K]
ij = γˇ
k
ijpk −
1
2
γknlpkp
l∂˘ngˇij (99)
where ∂˘n = ∂/∂pn. The N–connection Nˇ = {Nˇij} can be used for definition of an almost
complex structure like in (87) and introducing on T ∗M a d–metric
Gˇ[k] = gˇij(x, p)dx
i ⊗ dxj + gˇij(x, p)δpi ⊗ δpj, (100)
with gˇij(x, p) taken as (98).
Using the canonical N–connection (99) and Finsler metric tensor (98) (or, equivalently,
the d–metric (100)), we can define the canonical d–connection Dˇ = {Γˇ
(
Nˇ[k]
)
}
Γˇ
(
Nˇ[k]
)
= Γˇα[k]βγ =
(
Hˇ i[k] jk, Hˇ
i
[k] jk, Cˇ
jk
[k] i , Cˇ
jk
[k] i
)
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with the coefficients computed
Hˇ i[k] jk =
1
2
gˇir
(
δˇj gˇrk + δˇkgˇjr − δˇrgˇjk
)
, Cˇ jk[k] i = gˇis∂˘
sgˇjk.
The d–connection Γˇ
(
Nˇ(k)
)
satisfies the metricity conditions both for the horizontal and
vertical components, i. e. Dˇαgˇβγ = 0.
The d–torsions (95) and d–curvatures (48) are computed like in Finsler geometry but
starting from the coefficients in (99) and (100), when the indices a, b, c... run the same
values as indices i, j, k, ... and the geometrical objects are modeled as on the dual tangent
bundle. It should be emphasized that in this case all values gˇij, Γˇ
α
[k]βγ and Rˇ
.α
[k]βγδ are defined
by a fundamental function K (x, p) .
In general, we can consider that a Cartan space is provided with a metric gˇij =
∂2K2/2∂pi∂pj , but the N–connection and d–connection could be defined in a different
manner, even not be determined by K. If a Cartan space is modeled in a metric–affine
space V n+n, with local coordinates
(
xi, yk
)
, we have to define a procedure of dualization
of vertical coordinates, yk → pk.
4.3 Generalized Lagrange and Hamilton geometries
The notion of Finsler spaces was extended by J. Kern [57] and R. Miron [60]. It is was
elaborated in vector bundle spaces in Refs. [14] and generalized to superspaces [23]. We
illustrate how such geometries can be modeled on a spaceVn+n provided with N–connection
structure.
4.3.1 Lagrange geometry and generalizations
The idea of generalization of the Finsler geometry was to consider instead of the homoge-
neous fundamental function F (x, y) in a Finsler space a more general one, a Lagrangian
L (x, y), defined as a differentiable mapping L : (x, y) ∈ TV n+n → L(x, y) ∈ IR, of class C∞
on manifold T˜ V
n+n
and continuous on the null section 0 : V n → T˜ V
n+n
of the projection
pi : T˜ V
n+n
→ V n. A Lagrangian is regular if it is differentiable and the Hessian
g
[L]
ij (x, y) =
1
2
∂2L2
∂yi∂yj
(101)
is of rank n on V n.
Definition 4.2. A Lagrange space is a pair Ln = (V n, L(x, y)) where V n is a smooth real
n–dimensional manifold provided with regular Lagrangian L(x, y) structure L : TV n → IR
for which gij(x, y) from (101) has a constant signature over the manifold T˜ V
n+n
.
The fundamental Lagrange function L(x, y) defines a canonical N–connection
[cL]N ij =
1
2
∂
∂yj
[
gik
(
∂2L2
∂yk∂yh
yh −
∂L
∂xk
)]
(102)
43
as well a d-metric
g[L] = gij(x, y)dx
i ⊗ dxj + gij(x, y)δy
i ⊗ δyj, (103)
with gij(x, y) taken as (101). As well we can introduce an almost Ka¨hlerian structure and
an almost Hermitian model of Ln, denoted as H2n as in the case of Finsler spaces but
with a proper fundamental Lagrange function and metric tensor gij. The canonical metric
d–connection D̂[L] is defined by the coefficients
[L]Γ̂αβγ =
(
[L]L̂i jk,
[L]L̂i jk,
[L]Ĉ ijk,
[L]Ĉ ijk
)
(104)
computed for N i[cL] j and by respective formulas (56) with hab → g
[L]
ij and Ĉ
a
bc → Ĉ
i
ij. The
d–torsions (95) and d–curvatures (48) are determined, in this case, by [L]L̂i jk and
[L]Ĉ ijk.
We also note that instead of [cL]N ij and
[L]Γ̂αβγ we can consider on a L
n–space different
N–connections N ij, d–connections Γ
α
βγ which are not defined only by L(x, y) and g
[L]
ij but
can be metric, or non–metric with respect to the Lagrange metric.
The next step of generalization [60] is to consider an arbitrary metric gij (x, y) on TV
n+n
(we use boldface symbols in order to emphasize that the space is enabled with N–connection
structure) instead of (101) which is the second derivative of ”anisotropic” coordinates yi of
a Lagrangian.
Definition 4.3. A generalized Lagrange space is a pairGLn = (V n, gij(x, y)) where gij(x, y)
is a covariant, symmetric and N–adapted d–tensor field of rank n and of constant signature
on T˜ V
n+n
.
One can consider different classes of N– and d–connections on TV n+n, which are com-
patible (metric) or non compatible with (103) for arbitrary gij(x, y) and arbitrary d–metric
g[gL] = gij(x, y)dx
i ⊗ dxj + gij(x, y)δy
i ⊗ δyj, (105)
We can apply all formulas for d–connections, N–curvatures, d–torsions and d–curvatures as
in sections 2.3 and 2.4 but reconsidering them on TVn+n, by changing
hab → gij(x, y), Ĉ
a
bc → Ĉ
i
ij and N
a
i → N
k
i.
Prescribed torsions T ijk and S
i
jk can be introduced on GL
n by using the d–connection
Γ̂αβγ =
(
L̂i[gL] jk + τ
i
jk, L̂
i
[gL] jk + τ
i
jk, Ĉ
i
[gL] jk + σ
i
jk, Ĉ
i
[gL] jk + σ
i
jk
)
(106)
with
τ ijk =
1
2
gil
(
gkhT
h
.lj + gjhT
h
.lk − glhT
h
jk
)
and σijk =
1
2
gil
(
gkhS
h
.lj + gjhS
h
.lk − glhS
h
jk
)
like we have performed for the Berwald connections (64) with (65) and (94) but in our case
[aL]Γ̂αβγ =
(
L̂i[gL] jk, L̂
i
[gL] jk, Ĉ
i
[gL] jk, Ĉ
i
[gL] jk
)
(107)
is metric compatible being modeled like on a tangent bundle and with the coefficients
computed as in (56) with hab → g
[L]
ij and Ĉ
a
bc → Ĉ
i
ij, by using the d–metric G[gL] (105). The
connection (106) is a Riemann–Cartan one modeled on effective tangent bundle provided
with N–connection structure.
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4.3.2 Hamilton geometry and generalizations
The geometry of Hamilton spaces was defined and investigated by R. Miron in the papers
[59] (see details and additional references in [20]). It was developed on the cotangent bundle
as a dual geometry to the geometry of Lagrange spaces. Here we consider their modeling
on couples of spaces (V n, ∗V n) , or cotangent bundle T ∗M, where ∗V n is considered as a
’dual’ manifold defined by local coordinates satisfying a duality condition with respect to
coordinates on V n. We start with the definition of generalized Hamilton spaces and then
consider the particular cases.
Definition 4.4. A generalized Hamilton space is a pair GHn = (V n, gˇij(x, p)) where V n is
a real n–dimensional manifold and gˇij(x, p) is a contravariant, symmetric, nondegenerate
of rank n and of constant signature on T˜ ∗V
n+n
.
The value gˇij(x, p) is called the fundamental (or metric) tensor of the space GHn. One
can define such values for every paracompact manifold V n. In general, a N–connection
on GHn is not determined by gˇij. Therefore we can consider an arbitrary N–connection
Nˇ = {Nˇij (x, p)} and define on T
∗V n+n a d–metric similarly to (33) and/or (103)
˘G[gH] = g˘αβ (u˘) δ˘
α ⊗ δ˘β = g˘ij (u˘) d
i ⊗ dj + gˇij (u˘) δ˘i ⊗ δ˘j , (108)
The N–coefficients Nˇij (x, p) and the d–metric structure (108) define an almost Ka¨hler
model of generalized Hamilton spaces provided with canonical d–connections, d–torsions
and d-curvatures (see respectively the formulas d–torsions (95) and d–curvatures (48) with
the fiber coefficients redefined for the cotangent bundle T ∗V n+n).
A generalized Hamilton space GHn is called reducible to a Hamilton one if there exists
a Hamilton function H (x, p) on T ∗V n+n such that
gˇij[H](x, p) =
1
2
∂2H
∂pi∂pj
. (109)
Definition 4.5. A Hamilton space is a pair Hn = (V n, H(x, p)) such that H : T ∗V n → IR
is a scalar function which satisfy the following conditions:
1. H is a differentiable function on the manifold T˜ ∗V
n+n
= T ∗V n+n\{0} and continuous
on the null section of the projection pi∗ : T ∗V n+n → V n;
2. The Hessian of H with elements (109) is positively defined on T˜ ∗V
n+n
and gˇij(x, p)
is nondegenerate matrix of rank n and of constant signature.
For Hamilton spaces, the canonical N–connection (defined by H and its Hessian) is
introduced as
[H]Nˇij =
1
4
{gˇij, H} −
1
2
(
gˇik
∂2H
∂pk∂xj
+ gˇjk
∂2H
∂pk∂xi
)
, (110)
where the Poisson brackets, for arbitrary functions f and g on T ∗V n+n, act as
{f, g} =
∂f
∂pi
∂g
∂xi
−
∂g
∂pi
∂p
∂xi
.
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The canonical metric d–connection [H]D̂ is defined by the coefficients
[H]Γ̂αβγ =
(
[c]Hˇ ijk,
[c]Hˇ ijk,
[c]Cˇ ijk,
[c]Cˇ ijk
)
computed for [H]Nˇij and by respective formulas (56) with gij → g˘ij (u˘) , hab → gˇ
ij and
L̂i jk →
[c]Ĥ ijk, Ĉ
a
bc →
[c]Cˇ jki when
[c]Hˇ ijk =
1
2
gˇis
(
δˇj gˇsk + δˇkgˇjs − δˇsgˇjk
)
and [c]Cˇ jki = −
1
2
gˇis∂ˇ
j gˇsk.
In result, we can compute the d–torsions and d–curvatures like on Lagrange or on Cartan
spaces. On Hamilton spaces all such objects are defined by the Hamilton function H(x, p)
and indices have to be reconsidered for co–fibers of the cotangent bundle.
We note that there were elaborated various type of higher order generalizations (on
the higher order tangent and contangent bundles) of the Finsler–Cartan and Lagrange–
Hamilton geometry [21] and on higher order supersymmetric (co) vector bundles in Ref.
[23]. We can generalize the d–connection [H]Γ̂αβγ to any d–connection in H
n with prescribed
torsions, like we have done in previous section for Lagrange spaces, see (106). This type of
Riemann–Cartan geometry is modeled like on a dual tangent bundle by a Hamilton metric
structure (109), N–connection [H]Nˇij , and d–connection coefficients
[c]Hˇ ijk and
[c]Cˇ jki .
4.4 Nonmetricity and generalized Finsler–affine spaces
The generalized Lagrange and Finsler geometry may be defined on tangent bundles by using
d–connections and d–metrics satisfying metric compatibility conditions [14]. Nonmetricity
components can be induced if Berwald type d–connections are introduced into consideration
on different type of manifolds provided with N–connection structure, see formulas (62), (64),
(70) and (94).
We define such spaces as generalized Finsler spaces with nonmetricity.
Definition 4.6. A generalized Lagrange–affine space GLan =
(
V n, gij(x, y),
[a]Γαβ
)
is de-
fined on manifold TVn+n, provided with an arbitrary nontrivial N–connection structure
N = {N ij}, as a general Lagrange space GL
n = (V n, gij(x, y)) (see Definition 4.3) enabled
with a d–connection structure [a]Γγ α =
[a]Γγαβϑ
β distorted by arbitrary torsion, Tβ, and
nonmetricity, Qβγ, d–fields,
[a]Γαβ =
[aL]Γ̂αβ +
[a] Zα β, (111)
where [L]Γ̂αβ is the canonical generalized Lagrange d–connection (107) and
[a] Z αβ = eβ⌋ Tα − eα⌋ Tβ +
1
2
(eα⌋eβ⌋ Tγ)ϑ
γ + (eα⌋ Qβγ)ϑ
γ − (eβ⌋ Qαγ)ϑ
γ +
1
2
Qαβ .
The d–metric structure on GLan is stated by an arbitrary N–adapted form (33) but on
TVn+n,
g[a] = gij(x, y)dx
i ⊗ dxj + gij(x, y)δy
i ⊗ δyj. (112)
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The torsions and curvatures on GLan are computed by using formulas (41) and (42)
with Γγβ →
[a]Γαβ,
[a]Tα + [a]Dϑα = δϑα + [a]Γγβ ∧ ϑ
β (113)
and
[a]Rαβ +
[a]D( [a]Γαβ) = δ(
[a]Γαβ)−
[a]Γγβ ∧
[a]Γα γ . (114)
Modeling in V n+n, with local coordinates uα =
(
xi, yk
)
, a tangent bundle structure, we
redefine the operators (22) and (21) respectively as
eα + δα =
(
δi, ∂˜k
)
≡
δ
δuα
=
(
δ
δxi
= ∂i −N
a
i (u) ∂a,
∂
∂yk
)
(115)
and the N–elongated differentials (in brief, N–differentials)
ϑβ + δ β =
(
di, δ˜k
)
≡ δuα =
(
δxi = dxi, δyk = dyk +Nki (u) dx
i
)
(116)
where Greek indices run the same values, i, j, ... = 1, 2, ...n (we shall use the symbol ”∼”
if one would be necessary to distinguish operators and coordinates defined on h– and v–
subspaces).
Let us define the h– and v–irreducible components of the d–connection [a]Γαβ like in
(27) and (28),
[a]Γ̂αβγ =
(
[L]L̂i jk + z
i
jk,
[L]L̂i jk + z
i
jk,
[L]Ĉ ijk + c
i
jk,
[L]Ĉ ijk + c
i
jk
)
with the distorsion d–tensor
[a] Zα β =
(
zijk, z
i
jk, c
i
jk, c
i
jk
)
defined as on a tangent bundle
[a]Lijk =
(
[a]Dδkδj
)
⌋δi =
(
[L]D̂δkδj +
[a] Zδkδj
)
⌋δi = [L]L̂i jk + z
i
jk,
[a]L˜ijk =
(
[a]Dδk ∂˜j
)
⌋∂˜i =
(
[L]D̂k∂˜j +
[a] Zk∂˜j
)
⌋∂˜i = [L]L̂i jk + z
i
jk,
[a]C ijk =
(
[a]D∂˜kδj
)
⌋δi =
(
[L]D̂∂˜kδj +
[a] Z∂˜kδj
)
⌋δi = [L]Ĉ ijk + c
i
jk,
[a]C˜ ijk =
(
[a]D∂˜k ∂˜j
)
⌋∂˜i =
(
[L]D̂∂˜k ∂˜j +
[a] Z∂˜k ∂˜j
)
⌋∂˜i = [L]Ĉ ijk + c
i
jk,
where for ’lifts’ from the h–subspace to the v–subspace we consider that [a]Lijk =
[a]L˜ijk
and [a]C ijk =
[a]C˜ ijk. As a consequence, on spaces with modeled tangent space structure,
the d–connections are distinguished as Γαβγ =
(
Lijk, C
i
jk
)
.
Theorem 4.1. The torsion [a]Tα (113) of a d–connection [a]Γαβ =
(
[a]Lijk,
[a]C ijc
)
(111)
has as irreducible h- v–components, [a]Tα =
(
T ijk, T˜
i
jk
)
, the d–torsions
T i.jk = −T
i
kj =
[L]L̂i jk + z
i
jk −
[L]L̂i kj − z
i
kj, (117)
T˜ ijk = − T˜
i
kj =
[L]Ĉ ijk + c
i
jk −
[L]Ĉ ikj − c
i
kj.
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The proof of this Theorem consists from a standard calculus for metric–affine spaces of
[a]Tα [4] but with N–adapted frames. We note that in zijk and c
i
kj it is possible to include
any prescribed values of the d–torsions.
Theorem 4.2. The curvature [a]Rαβ (114) of a d–connection
[a]Γαβ =
(
[a]Lijk,
[a]C ijc
)
(111) has as irreducible h- v–components, [a]Rα.βγτ = {
[a]Ri hjk,
[a]P ijka,
[a]Sijbc} the d–
curvatures
[a]Ri hjk =
δ [a]Li.hj
δxh
−
δ [a]Li.hk
δxj
+ [a]Lm.hj
[a]Limk −
[a]Lm.hk
[a]Limj −
[a]C i.hoΩ
o
.jk,
[a]P ijks =
∂ [a]Li.jk
∂ys
−
(
∂ [a]C i.js
∂xk
+ [a]Li.lk
[a]C l.js −
[a]Ll.jk
[a]C i.ls −
[a]Lp.sk
[a]C i.jp
)
+ [a]C i.jp
[a]P p.ks,
[a]Sijlm =
∂ [a]C i.jl
∂ym
−
∂ [a]C i.jm
∂yl
+ [a]Ch.jl
[a]C i.hm −
[a]Ch.jm
[a]C ihl,
where [a]Lm.hk =
[L]L̂i jk + z
i
jk,
[a]C i.jk =
[L]Ĉ ijk + c
i
jk, Ω
o
.jk = δjN
o
i − δiN
o
j and
[a]P p.ks =
∂Npi /∂y
s − [a]Lp.ks.
The proof consists from a straightforward calculus.
Remark 4.1. As a particular case of GLan, we can define a Lagrange–affine space Lan =(
V n, g
[L]
ij (x, y),
[b]Γαβ
)
, provided with a Lagrange quadratic form g
[L]
ij (x, y) (101) inducing
the canonical N–connection structure [cL]N = { [cL]N ij} (102) as in a Lagrange space L
n =
(V n, gij(x, y)) (see Definition 4.2)) but with a d–connection structure
[b]Γγ α =
[b]Γγαβϑ
β
distorted by arbitrary torsion, Tβ, and nonmetricity, Qβγ , d–fields,
[b]Γαβ =
[L]Γ̂αβ +
[b] Zα β,
where [L]Γ̂αβ is the canonical Lagrange d–connection (104),
[b] Zα β = eβ⌋ Tα − eα⌋ Tβ +
1
2
(eα⌋eβ⌋ Tγ)ϑ
γ + (eα⌋ Qβγ)ϑ
γ − (eβ⌋ Qαγ)ϑ
γ +
1
2
Qαβ ,
and the (co) frames eβ and ϑ
γ are respectively constructed as in (21) and (22) by using
[cL]N ij .
Remark 4.2. The Finsler–affine spaces Fan =
(
V n, F (x, y) , [f ]Γαβ
)
can be introduced by
further restrictions of Lan to a quadratic form g
[F ]
ij (85) constructed from a Finsler metric
F (xi, yj) inducing the canonical N–connection structure [F ]N = { [F ]N ij} (86) as in a
Finsler space Fn = (V n, F (x, y)) but with a d–connection structure [f ]Γγ α =
[f ]Γγαβϑ
β
distorted by arbitrary torsion, Tβ, and nonmetricity, Qβγ , d–fields,
[f ]Γαβ =
[F ]Γ̂αβ +
[f ] Zα β,
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where [F ]Γ̂αβ is the canonical Finsler d–connection (88),
[f ] Zα β = eβ⌋ Tα − eα⌋ Tβ +
1
2
(eα⌋eβ⌋ Tγ)ϑ
γ + (eα⌋ Qβγ)ϑ
γ − (eβ⌋ Qαγ)ϑ
γ +
1
2
Qαβ,
and the (co) frames eβ and ϑ
γ are respectively constructed as in (21) and (22) by using
[F ]N ij .
Remark 4.3. By similar geometric constructions (see Remarks 4.1 and 4.2) on spaces
modeling cotangent bundles, we can define generalized Hamilton–affine spaces GHan =(
V n, gˇij(x, p), [a]Γˇαβ
)
and theirs restrictions to Hamilton–affine Han = (V n, gˇij[H](x, p),
[b]Γˇαβ) and Cartan–affine spaces Ca
n =
(
V n, gˇij[K](x, p),
[c]Γˇαβ
)
(see sections 4.3.2 and
4.2.5) as to contain distorsions induced by nonmetricity Qˇαγ . The geometric objects have
to be adapted to the corresponding N–connection and d–metric/ quadratic form structures
(arbitrary Nˇij (x, p) and d–metric (108),
[H]Nˇij (x, p) (110) and quadratic form gˇ
ij
[H] (109)
and Nˇ
[K]
ij (99) and gˇ
ij
[K] (98).
Finally, in this section, we note that Theorems 4.1 and 4.2 can be reformulated in
the forms stating procedures of computing d–torsions and d–curvatures on every type of
spaces with nonmetricity and local anisotropy by adapting the abstract symbol and/or
coordinate calculations with respect to corresponding N–connection, d–metric and canonical
d–connection structures.
5 Conclusions
The method of moving anholonomic frames with associated nonlinear connection (N–
connection) structure elaborated in this work on metric–affine spaces provides a general
framework to deal with any possible model of locally isotropic and/or anisotropic interac-
tions and geometries defined effectively in the presence of generic off–diagonal metric and
linear connection configurations, in general, subjected to certain anholonomic constraints.
As it has been pointed out, the metric–affine gravity (MAG) contains various types of
generalized Finsler–Lagrange–Hamilton–Cartan geometries which can be distinguished by
a corresponding N–connection structure and metric and linear connection adapted to the
N–connection structure.
As far as the anholonomic frames, nonmetricity and torsion are considered as funda-
mental quantities, all mentioned geometries can be included into a unique scheme which
can be developed on arbitrary manifolds, vector and tangent bundles and their dual bun-
dles (co-bundles) or restricted to Riemann–Cartan and (pseudo) Riemannian spaces. We
observe that a generic off–diagonal metric (which can not be diagonalized by any coordi-
nate transform) defining a (pseudo) Riemannian space induces alternatively various type
of Riemann–Cartan and Finsler like configuratons modeled by respective frame structures.
The constructions are generalized if the linear connection structures are not constrained to
metricity conditions. One can regard this as extensions to metric–affine spaces provided
with N–connection structure modeling also bundle structures and generalized noncommu-
tative symmetries of metrics and anholonomic frames.
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In this paper we have studied the general properties of metric–affine spaces provided
with N–connection structure. We formulated and proved the main theorems concerning
general metric and nonlinear and linear connections in MAG. There were stated the criteria
when the spaces with local isotropy and/or local anisotropy can be modeled in metric–affine
spaces and on vector/ tangent bundles. We elaborated the concept of generalized Finsler–
affine geometry as a sinthesis of metric–affine (with nontrivial torsion and nonmetricity) and
Finsler like configurations (with nontrivial N–connection structure and locally anisotropic
metrics and connections).
In a general sense, we note that the generalized Finsler–affine geometries are con-
tained as anhlonomic and noncommutative configurations in extra dimension gravity models
(string and brane models and certain limits to the Einstein and gauge gravity defined by
off–diagonal metrics and anholonomic constraints). We would like to stress that the N–
connection formalism developed for the metric–affine spaces relates the bulk geometry in
string and/or MAG to gauge theories in vector/tangent bundles and to various type of
non–Riemannian gravity models.
The approach presented here could be advantageous in a triple sense. First, it provides a
uniform treatment of all metric and connection geometries, in general, with vector/tangent
bundle structures which arise in various type of string and brane gravity models. Second, it
defines a complete classification of the generalized Finsler–affine geometries stated in Tables
1-11 from the Appendix. Third, it states a new geometric method of constructing exact
solutions with generic off–diagonal metric ansatz, torsions and nonmetricity, depending on
2–5 variables, in string and metric–affine gravity, with limits to the Einstein gravity, see
Refs. [33].
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A Classification of Generalized Finsler–Affine Spaces
We outline and give a brief characterization of the main classes of generalized Finsler–
affine spaces (see Tables 1–11). A unified approach to such very different locally isotropic
and anisotropic geometries, defined in the framework of the metric–affine geometry, can be
elaborated only by introducing the concept on N–connection (see Definition 2.10).
The N–connection curvature is computed following the formula Ωaij = δ[iN
a
j], see (20),
for any N–connection Nai . A d–connection D = [Γ
α
βγ ] = [L
i
jk, L
a
bk, C
i
jc, C
a
bc] (see Defini-
tion 2.11) defines nontrivial d–torsions Tαβγ = [L
i
[ jk], C
i
ja,Ω
a
ij , T
a
bj , C
a
[bc]] and d–curvatures
Rαβγτ = [R
i
jkl, R
a
bkl, P
i
jka, P
c
bka, S
i
jbc, S
a
dbc] adapted to the N–connection structure (see,
respectively, the formulas (45) and (48)). It is considered that a generic off–diagonal met-
ric gαβ (see Remark 2.1) is associated to a N–connection structure and reprezented as a
d–metric gαβ = [gij, hab] (see formula (33)). The components of a N–connection and a
d–metric define the canonical d–connection D = [Γ̂αβγ ] = [L̂
i
jk, L̂
a
bk, Ĉ
i
jc, Ĉ
a
bc] (see (56))
with the corresponding values of d–torsions T̂αβγ and d–curvatures R̂
α
βγτ . The nonmetricity
d–fields are computed by using formula Qαβγ = −Dαgβγ = [Qijk, Qiab, Qajk, Qabc], see (35).
A.1 Generalized Lagrange–affine spaces
The Table 1 outlines seven classes of geometries modeled in the framework of metric–affine
geometry as spaces with nontrivial N–connection structure. There are emphasized the
configurations:
1. Metric–affine spaces (in brief, MA) are those stated by Definition 2.9 as certain man-
ifolds V n+m of necessary smoothly class provided with arbitrary metric, gαβ , and lin-
ear connection, Γαβγ, structures. For generic off–diagonal metrics, a MA space always
admits nontrivial N–connection structures (see Proposition 3.4). Nevertheless, in gen-
eral, only the metric field gαβ can be transformed into a d–metric one gαβ = [gij , hab],
but Γαβγ can be not adapted to the N–connection structure. As a consequence, the
general strength fields
(
T αβγ, R
α
βγτ , Qαβγ
)
can be also not N–adapted. By using the
Kawaguchi’s metrization process and Miron’s procedure stated by Theorems 3.2 and
3.3 we can consider alternative geometries with d–connections Γαβγ (see Definition
2.11) derived from the components of N–connection and d–metric. Such geometries
are adapted to the N–connection structure. They are characterized by d–torsion Tαβγ,
d–curvature Rαβγτ , and nonmetricity d–field Qαβγ .
2. Distinguished metric–affine spaces (DMA) are defined (see Definition 3.2) as manifolds
Vn+m provided with N–connection structure Nai , d–metric field (33) and arbitrary
d–connection Γαβγ . In this case, all strenghs
(
Tαβγ ,R
α
βγτ ,Qαβγ
)
are N–adapted.
3. Berwald–affine spaces (BA, see section 3.4.1) are metric–affine spaces provided with
generic off–diagonal metrics with associated N–connection structure and with a Ber-
wald d–connection [B]D = [ [B]Γαβγ ] = [L̂
i
jk, ∂bN
a
k , 0, Ĉ
a
bc], see (62), for with the
d–torsions [B]Tαβγ = [
[B]Li [jk], 0,Ω
a
ij, T
a
bj , C
a
[bc]] and d–curvatures
[B]Rαβγτ =
[B] [Rijkl, R
a
bkl, P
i
jka, P
c
bka, S
i
jbc, S
a
dbc]
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are computed by introducing the components of [B]Γαβγ, respectively, in formulas (45)
and (48). By definition, this space satisfies the metricity conditions on the h- and
v–subspaces, Qijk = 0 and Qabc = 0, but, in general, there are nontrivial nonmetricity
d–fields because Qiab and Qajk are not vanishing (see formulas (63)).
4. Berwald–affine spaces with prescribed torsion (BAT, see sections 3.4.1 and 3.4.2)
are described by a more general class of d–connection [BT ]Γαβγ = [L
i
jk, ∂bN
a
k , 0, C
a
bc],
with more general h– and v–components, L̂i jk → L
i
jk and Ĉ
a
bc → C
a
bc, inducing
prescribed values τ ijk and τ
a
bc in d–torsion
[BT ]Tαβγ = [L
i
[jk],+τ
i
jk, 0,Ω
a
ij, T
a
bj, C
a
[bc] + τ
a
bc],
see (65). The components of curvature [BT ]Rαβγτ have to be computed by introduc-
ing [BT ]Γαβγ into (48). There are nontrivial components of nonmetricity d–fields,
[Bτ ]Qαβγ =
(
[Bτ ]Qcij ,
[Bτ ]Qiab
)
.
5. Generalized Lagrange–affine spaces (GLA, see Definition 4.6), GLan = (V n, gij(x, y),
[a]Γαβ) , are modeled as distinguished metric–affine spaces of odd–dimension, V
n+n,
provided with generic off–diagonal metrics with associated N–connection inducing a
tangent bundle structure. The d–metric g[a] (112) and the d–connection
[a]Γγαβ =(
[a]Lijk,
[a]C ijc
)
(111) are similar to those for the usual Lagrange spaces (see Definition
4.3) but with distorsions [a] Zα β inducing general nontrivial nonmetricity d–fields
[a]Qαβγ . The components of d–torsions
[a]Tα =
(
T ijk, T˜
i
jk
)
and d–curvatures [a]Rα.βγτ =
{ [a]Rihjk,
[a]P ijka,
[a]Sijbc} are computed following Theorems 4.1 and 4.2.
6. Lagrange–affine spaces (LA, see Remark 4.1), Lan = (V n, g
[L]
ij (x, y),
[b]Γαβ), are
provided with a Lagrange quadratic form g
[L]
ij (x, y) =
1
2
∂2L2
∂yi∂yj
(101) inducing the
canonical N–connection structure [cL]N = { [cL]N ij} (102) for a Lagrange space L
n =
(V n, gij(x, y)) (see Definition 4.2)) but with a d–connection structure
[b]Γγ α =
[b]Γγαβϑ
β distorted by arbitrary torsion, Tβ, and nonmetricity d–fields, Qβγα, when
[b]Γαβ =
[L]Γ̂αβ +
[b] Zα β. This is a particular case of GLA spaces with prescribed
types of N–connection [cL]N ij and d–metric to be like in Lagrange geometry.
7. Finsler–affine spaces (FA, see Remark 4.2), Fan =
(
V n, F (x, y) , [f ]Γαβ
)
, in their turn
are introduced by further restrictions of Lan to a quadratic form g
[F ]
ij =
1
2
∂2F 2
∂yi∂yj
(85)
constructed from a Finsler metric F (xi, yj) . It is induced the canonical N–connection
structure [F ]N = { [F ]N ij} (86) as in the Finsler space F
n = (V n, F (x, y)) but with a
d–connection structure [f ]Γγαβ distorted by arbitrary torsion, T
α
βγ, and nonmetricity,
Qβγτ , d–fields,
[f ]Γαβ =
[F ]Γ̂αβ +
[f ] Zα β,where
[F ]Γ̂αβγ is the canonical Finsler
d–connection (88).
A.2 Generalized Hamilton–affine spaces
The Table 2 outlines geometries modeled in the framework of metric–affine geometry as
spaces with nontrivial N–connection structure splitting the space into any conventional a
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horizontal subspace and vertical subspace being isomorphic to a dual vector space provided
with respective dual coordinates. We can use respectively the classification from Table 1
when the v–subspace is transformed into dual one as we noted in Remark 4.3 For simplicity,
we label such spaces with symbols like Nˇai instead N
a
i where ”inverse hat” points that
the geometric object is defined for a space containing a dual subspaces. The local h–
coordinates are labeled in the usual form, xi, with i = 1, 2, ..., n but the v–coordinates
are certain dual vectors yˇa = pa with a = n + 1, n + 2, ..., n + m. The local coordinates
are denoted uˇα = (xi, yˇa) = (xi, pa) . The curvature of a N–connection Nˇai is computed as
Ωˇiaj = δ[iNˇj]a. The h– v–irreducible components of a general d–connection are parametrized
Dˇ = [Γˇαβγ ] = [L
i
jk, L
b
a k, Cˇ
i c
j , Cˇ
bc
a ], the d–torsions are Tˇ
α
βγ = [L
i
[jk], L
b
a k, Cˇ
i c
j , Cˇ
[bc]
a ] and
the d–curvatures [B]Rˇαβγτ = [R
i
jkl, Rˇ
b
a kl, Pˇ
i a
jk , Pˇ
b a
c k , Sˇ
i bc
j , Sˇ
dbc
a ]. The nonmetricity d–fields
are stated Qˇαβγ = −Dˇαgˇβγ = [Qijk, Qˇ
ab
i , Qˇ
a
jk, Qˇ
abc]. There are also considered additional
labels for the Berwald, Cartan and another type d–connections.
1. Metric–dual–affine spaces (in brief, MDA) are usual metric–affine spaces with a pre-
scribed structure of ”dual” local cooridnates.
2. Distinguished metric–dual-affine spaces (DMDA) are provided with d–metric and d–
connection structures adapted to a N–connection Nˇai defining a global splitting into
a usual h–subspace and a v–dual–subspace being dual to a usual v–subspace.
3. Berwald–dual–affine spaces (BDA) are Berwald–affine spaces with a dual v–subspace.
Their Berwald d–connection is stated in the form
[B]Dˇ = [[B]Γˇαβγ ] = [L̂
i
jk, ∂bNˇai, 0, Cˇ
[bc]
a ]
with induced d–torsions [B]Tˇαβγ = [L
i
[jk], 0, Ωˇiaj, Tˇ
b
a j , Cˇ
[bc]
a ] and d–curvatures
[B]Rˇαβγτ = [R
i
jkl, Rˇ
b
a kl, , Pˇ
i a
jk , Pˇ
b a
c k , Sˇ
i bc
j , Sˇ
dbc
a ]
computed by introducing the components of [B]Γˇαβγ , respectively, in formulas (45) and
(48) re–defined for dual v–subspaces. By definition, this d–connection satisfies the
metricity conditions in the h- and v–subspaces, Qijk = 0 and Qˇ
abc = 0 but with
nontrivial components of [B]Qˇαβγ = −
[B]Dˇαgˇβγ = [Qijk = 0, Qˇ
ab
i , Qˇ
a
jk, Qˇ
abc = 0].
4. Berwald–dual–affine spaces with prescribed torsion (BDAT) are described by a more
general class of d–connections [BT ]Γˇαβγ = [L
i
jk, ∂bNˇai, 0, Cˇ
bc
a ] , inducing prescribed
values τ ijk and τˇ
bc
a for d–torsions
[BT ]Tˇαβγ = [L
i
[jk] + τ
i
jk, 0, Ωˇiaj = δ[iNˇj]a, T
b
a j, Cˇ
[bc]
a + τˇ
bc
a ].
The components of d–curvatures
[BT ]Rˇαβγτ = [R
i
jkl, Rˇ
b
a kl, Pˇ
i a
jk , Pˇ
b a
c k , Sˇ
i bc
j , Sˇ
dbc
a ]
have to be computed by introducing [BT ]Γˇαβγ into dual form of formulas (48). There
are nontrivial components of nonmetricity d–field, [Bτ ]Qαβγ = −
[BT ]Dˇαgˇβγ = (Qijk =
0, Qˇ abi , Qˇ
a
jk, Qˇ
abc = 0).
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5. Generalized Hamilton–affine spaces (GHA),GHan =
(
V n, gˇij(x, p), [a]Γˇαβ
)
, are mod-
eled as distinguished metric–affine spaces of odd–dimension, Vn+n, provided with
generic off–diagonal metrics with associated N–connection inducing a cotangent bun-
dle structure. The d–metric gˇ[a] = [gij, hˇ
ab] and the d–connection [a]Γˇγαβ = (
[a]Lijk,
[a]Cˇ jci ) are similar to those for usual Hamilton spaces (see section 4.3.2) but with
distorsions [a] Zˇα β inducing general nontrivial nonmetricity d–fields
[a]Qˇαβγ . The
components of d–torsion and d–curvature, respectively, [a]Tˇαβγ = [L
i
[jk], Ωˇiaj , Cˇ
[bc]
a ]
and [a]Rˇα.βγτ = [R
i
jkl, Pˇ
i a
jk , Sˇ
dbc
a ], are computed following Theorems 4.1 and 4.2 refor-
mulated for cotangent bundle structures.
6. Hamilton–affine spaces (HA, see Remark 4.3), Han = (V n, gˇij[H](x, p),
[b]Γˇαβ), are
provided with Hamilton N–connection [H]Nˇij (x, p) (110) and quadratic form gˇ
ij
[H]
(109) for a Hamilton space Hn = (V n, H(x, p)) (see section 4.3.2)) but with a d–
connection structure [H]Γˇγαβ =
[H][Li jk, Cˇ
bc
a ] distorted by arbitrary torsion, Tˇ
α
βγ,
and nonmetricity d–fields, Qˇβγα, when Γˇ
α
β =
[H] ̂ˇΓαβ + [H] Zˇα β. This is a par-
ticular case of GHA spaces with prescribed types of N–connection [H]Nˇij and d–
metric gˇ
[H]
αβ = [g
ij
[H] =
1
2
∂2H
∂pi∂pi
] to be like in the Hamilton geometry.
7. Cartan–affine spaces (CA, see Remark 4.3), Can =
(
V n, gˇij[K](x, p),
[c]Γˇαβ
)
, are dual
to the Finsler spaces Fan =
(
V n, F (x, y) , [f ]Γαβ
)
. The CA spaces are introduced by
further restrictions of Han to a quadratic form gˇij[C] (98) and canonical N–connection
Nˇ
[C]
ij (99). They are like usual Cartan spaces, see section 4.2.5) but contain distorsions
induced by nonmetricity Qˇαβγ . The d–metric is parametrized gˇ
[C]
αβ = [g
ij
[C] =
1
2
∂2K2
∂pi∂pi
]
and the curvature [C]Ωˇiaj of N–connection
[C]Nˇia is computed
[C]Ωˇiaj = δ[i
[C]Nˇj]a.
The Cartan’s d–connection [C]Γˇγαβ =
[C][Li jk, L
i
jk, Cˇ
bc
a , Cˇ
bc
a ] possess nontrivial d–
torsions [C]Tˇ βγα = [L
i
[jk], Ωˇiaj , Cˇ
[bc]
a ] and d–curvatures [C]Rˇα.βγτ = [R
i
jkl, Pˇ
i a
jk , Sˇ
dbc
a ]
computed following Theorems 4.1 and 4.2 reformulated on cotangent bundles with
explicit type of N–connection Nˇ
[C]
ij d–metric gˇ
[C]
αβ and d–connection
[C]Γˇγαβ . The non-
metricity d–fields are not trivial for such spaces, [C]Qˇαβγ = −
[C]Dˇαgˇβγ = [Qijk, Qˇ
ab
i ,
Qˇajk, Qˇ
abc].
A.3 Teleparallel Lagrange–affine spaces
We considered the main properties of teleparallel Finsler–affine spaces in section 4.2.4 (see
also section 4.1.3 on locally isotropic teleparallel spaces). Every type of teleparallel spaces
is distinguished by the condition that the curvature tensor vanishes but the torsion plays
a cornstone role. Modeling generalized Finsler structures on metric–affine spaces, we do
not impose the condition on vanishing nonmetricity (which is stated for usual teleparallel
spaces). For Rαβγτ = 0, the classification of spaces from Table 1 trasforms in that from
Table 3.
1. Teleparallel metric–affine spaces (in brief, TMA) are usual metric–affine ones but
with vanishing curvature, modeled on manifolds V n+m of necessary smoothly class
59
provided, for instance, with the Weitzenbock connection [W ]Γαβγ (82). For generic
off–diagonal metrics, a TMA space always admits nontrivial N–connection structures
(see Proposition 3.4). We can model teleparallel geometries with local anisotropy by
distorting the Levi–Civita or the canonical d–connection Γαβγ (see Definition 2.11)
both constructed from the components of N–connection and d–metric. In general,
such geometries are characterized by d–torsion Tαβγ and nonmetricity d–field Qαβγ
both constrained to the condition to result in zero d–curvatures.
2. Distinguished teleparallel metric–affine spaces (DTMA) are manifolds Vn+m pro-
vided with N–connection structure Nai , d–metric field (33) and d–connection Γ
α
βγ
with vanishing d–curvatures defined by Weitzenbock–affine d–connection [Wa]Γαβγ =
Γα▽ βγ+Zˆ
α
βγ+Z
α
βγ with distorsions by nonmetricity d–fields preserving the condition
of zero values for d–curvatures.
3. Teleparallel Berwald–affine spaces (TBA) are defined by distorsions of the Weitzen-
bock connection to any Berwald like strucutre, [WB]Γαβγ = Γ
α
▽ βγ + Zˆ
α
βγ + Z
α
βγ
satisfying the condition that the curvature is zero. All constructions with generic off–
diagonal metrics can be adapted to the N–connection and considered for d–objects.
By definition, such spaces satisfy the metricity conditions in the h- and v–subspaces,
Qijk = 0 and Qabc = 0, but, in general, there are nontrivial nonmetricity d–fields
because Qiab and Qajk are not vanishing (see formulas (63)).
4. Teleparallel Berwald–affine spaces with prescribed torsion (TBAT) are defined by
a more general class of distorsions resulting in the Weitzenbock type d–connections,
[WBτ ]Γαβγ = Γ
α
▽ βγ+Zˆ
α
βγ+Z
α
βγ, with more general h– and v–components, L̂
i
jk → L
i
jk
and Ĉabc → C
a
bc, having prescribed values τ
i
jk and τ
a
bc in d–torsion
[WB]Tαβγ =
[Li [jk],+τ
i
jk, 0,Ω
a
ij, T
a
bj , C
a
[bc]+τ
a
bc] and characterized by the condition
[WBτ ]Rαβγτ = 0
with notrivial components of nonmetricity [WBτ ]Qαβγ = (Qcij, Qiab) .
5. Teleparallel generalized Lagrange–affine spaces (TGLA) are distinguished metric–
affine spaces of odd–dimension, Vn+n, provided with generalized Lagrange d–metric
and associated N–connection inducing a tangent bundle structure with zero d–cur-
vature. The Weitzenblock–Lagrange d–connection [Wa]Γγαβ =
(
[Wa]Lijk,
[Wa]C ijc
)
,
where [WaL]Γαβγ = Γ
α
▽ βγ+Zˆ
α
βγ+Z
α
βγ is defined by a d–metric g[a] (112) Z
α
β inducing
general nontrivial nonmetricity d–fields [a]Qαβγ and
[Wa]Rαβγτ = 0.
6. Teleparallel Lagrange–affine spaces (TLA 4.1) consist a subclass of spaces Lan =(
V n, g
[L]
ij (x, y),
[b]Γαβ
)
provided with a Lagrange quadratic form g
[L]
ij (x, y) =
1
2
∂2L2
∂yi∂yj
(101) inducing the canonical N–connection structure [cL]N = { [cL]N ij} (102) for a La-
grange space Ln = (V n, gij(x, y)) but with vanishing d–curvature. The d–connection
structure [WL]Γγαβ (of Weitzenblock–Lagrange type) is the generated as a distor-
tion by the Weitzenbock d–torsion, [W ]Tβ, and nonmetricity d–fields, Qβγα, when
[WL]Γγαβ = Γ
α
▽ βγ + Zˆ
α
βγ + Z
α
βγ. This is a generalization of teleparallel Finsler affine
spaces (see section (4.2.4)) when g
[L]
ij (x, y) is considered instead of g
[F ]
ij (x, y).
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7. Teleparallel Finsler–affine spaces (TFA) are particular cases of spaces of type Fan =
(V n, F (x, y) , [f ]Γαβ), defined by a quadratic form g
[F ]
ij =
1
2
∂2F 2
∂yi∂yj
(85) constructed
from a Finsler metric F (xi, yj) . They are provided with a canonical N–connection
structure [F ]N = { [F ]N ij} (86) as in the Finsler space F
n = (V n, F (x, y)) but
with a Finsler–Weitzenbock d–connection structure [WF ]Γγαβ, respective d–torsion,
[WF ]Tβ, and nonmetricity, Qβγτ , d–fields,
[WF ]Γγαβ = Γ
α
▽ βγ+Zˆ
α
βγ+Z
α
βγ ,where Zˆ
α
βγ
contains distorsions from the canonical Finsler d–connection (88). Such distorsions
are constrained to satisfy the condition of vanishing curvature d–tensors (see section
(4.2.4)).
A.4 Teleparallel Hamilton–affine spaces
This class of metric–affine spaces is similar to that outlined in previous subsection, see
Table 3 but derived on spaces with dual vector bundle structure and induced generalized
Hamilton–Cartan geometry (section 4.3.2 and Remark 4.3). We outline the main denota-
tions for such spaces and note that they are characterized by the condition Rˇαβγτ = 0.
1. Teleparallel metric dual affine spaces (in brief, TMDA) define teleparalles structures
on metric–affine spaces provided with generic off–diagonal metrics and associated
N–connections modeling splittings with effective dual vector bundle structures.
2. Distinguished teleparallel metric dual affine spaces (DTMDA) are spaces provided
with independent d–metric, d–connection structures adapted to a N–connection in an
effective dual vector bundle and resulting in zero d–curvatures.
3. Teleparallel Berwald dual affine spaces (TBDA) .
4. Teleparallel dual Berwald–affine spaces with prescribed torsion (TDBAT).
5. Teleparallel dual generalized Hamilton–affine spaces (TDGHA).
6. Teleparallel dual Hamilton–affine spaces (TDHA, see section 4.1).
7. Teleparallel dual Cartan–affine spaces (TDCA).
A.5 Generalized Finsler–Lagrange spaces
This class of geometries is modeled on vector/tangent bundles [14] (see subsections 4.2 and
4.3.1) or on metric–affine spaces provided with N–connection structure. There are also
alternative variants when metric–affine structures are defined for vector/tangent bundles
with independent generic off–diagonal metrics and linear connection structures. The stan-
dard approaches to generalized Finsler geometries emphasize the connections satisfying the
metricity conditions. Nevertherless, the Berwald type connections admit certain nonmetric-
ity d–fields. The classification stated in Table 5 is similar to that from Table 1 with that
difference that the spaces are defined from the very beginning to be any vector or tangent
bundles. The local coordinates xi are considered for base subspaces and ya are for fiber
type subspaces. We list the short denotations and main properties of such spaces:
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1. Metric affine vector bundles (in brief, MAVB) are provieded with arbitrary metric
gαβ and linear connection Γ
α
βγ structure. For generic off–diagonal metrics, we can
introduce associated nontrivial N–connection structures. In general, only the metric
field gαβ can be transformed into a d–metric gαβ = [gij , hab], but Γ
α
βγ may be not
adapted to the N–connection structure. As a consequence, the general strength fields(
T αβγ , R
α
βγτ , Qαβγ = 0
)
, defined in the total space of the vector bundle are also not
N–adapted. We can consider a metric–affine (MA) structure on the total space if
Qαβγ 6= 0.
2. Distinguished metric–affine vector bundles (DMAVB) are provided with N–connection
structure Nai , d–metric field and arbitrary d–connection Γ
α
βγ. In this case, all strengths
(Tαβγ ,R
α
βγτ ,Qαβγ = 0) are N–adapted. A distinguished metric–affine (DMA) struc-
ture on the total space is considered if Qαβγ 6= 0.
3. Berwald metric–affine tangent bundles (BMATB) are provided with Berwald d–con-
nection structure [B]Γ. By definition, this space satisfies the metricity conditions in
the h- and v–subspaces, Qijk = 0 and Qabc = 0, but, in general, there are nontrivial
nonmetricity d–fields because Qiab and Qajk do not vanish (see formulas (63)).
4. Berwald metric–affine bundles with prescribed torsion (BMATBT) are described by a
more general class of d–connection [BT ]Γαβγ = [L
i
jk, ∂bN
a
k , 0, C
a
bc] inducing prescribed
values τ ijk and τ
a
bc in d–torsion
[BT ]Tαβγ = [L
i
[jk],+τ
i
jk, 0,Ω
a
ij, T
a
bj , C
a
[bc] + τ
a
bc],
see (65). There are nontrivial nonmetricity d–fields, [Bτ ]Qαβγ = (Qcij, Qiab).
5. Generalized Lagrange metric–affine bundles (GLMAB) are modeled as GLan = (V n,
gij(x, y),
[a]Γαβ) spaces on tangent bundles provided with generic off–diagonal metrics
with associated N–connection. If the d–connection is a canonical one, Γ̂αβγ , the non-
metricity vanish. But we can consider arbitrary d–connections Γαβγ with nontrivial
nonmetricity d–fields.
6. Lagrange metric–affine bundles (LMAB) are defined on tangent bundles as spaces
Lan =
(
V n, g
[L]
ij (x, y),
[b]Γαβ
)
provided with a Lagrange quadratic form g
[L]
ij (x, y) =
1
2
∂2L2
∂yi∂yj
inducing the canonical N–connection structure [cL]N = { [cL]N ij} for a Lagrange
space Ln = (V n, gij(x, y)) (see Definition 4.2)) but with a d–connection structure
[b]Γγ α =
[b]Γγαβϑ
β distorted by arbitrary torsion, Tβ, and nonmetricity d–fields,Qβγα,
when [b]Γαβ =
[L]Γ̂αβ+
[b] Zα β. This is a particular case of GLA spaces with prescribed
types of N–connection [cL]N ij and d–metric to be like in Lagrange geometry.
7. Finsler metric–affine bundles (FMAB), are modeled on tangent bundles as spaces
Fan =
(
V n, F (x, y) , [f ]Γαβ
)
with quadratic form g
[F ]
ij =
1
2
∂2F 2
∂yi∂yj
(85) constructed
from a Finsler metric F (xi, yj) . It is induced the canonical N–connection structure
[F ]N = { [F ]N ij} as in the Finsler space F
n = (V n, F (x, y)) but with a d–connection
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structure [f ]Γγαβ distorted by arbitrary torsion, T
α
βγ , and nonmetricity, Qβγτ , d–fields,
[f ]Γαβ =
[F ]Γ̂αβ +
[f ] Zα β,where
[F ]Γ̂αβγ is the canonical Finsler d–connection (88).
A.6 Generalized Hamilton–Cartan spaces
Such spaces are modeled on vector/tangent dual bundles (see sections subsections 4.3.2
and 4.2.5) as metric–affine spaces provided with N–connection structure. The classification
stated in Table 6 is similar to that from Table 2 with that difference that the geometry is
modeled from the very beginning as vector or tangent dual bundles. The local coordinates
xi are considered for base subspaces and ya = pa are for cofiber type subspaces. So, the
spaces from Table 6 are dual to those from Table 7, when the respective Lagrange–Finsler
structures are changed into Hamilton–Cartan structures. We list the short denotations and
main properties of such spaces:
1. The metric–affine dual vector bundles (in brief, MADVB) are defined by metric–affine
independent metric and linear connection structures stated on dual vector bundles.
For generic off–diagonal metrics, there are nontrivial N–connection structures. The
linear connection may be not adapted to the N–connection structure.
2. Distinguished metric-affine dual vector bundles (DMADVB) are provided with d–
metric and d–connection structures adapted to a N–connection Nˇai.
3. Berwald metric–affine dual bundles (BMADB) are provided with a Berwald d–con-
nection
[B]Dˇ = [ [B]Γˇαβγ] = [L̂
i
jk, ∂bNˇai, 0, Cˇ
[bc]
a ].
By definition, on such spaces, there are satisfied the metricity conditions in the h-
and v–subspaces, Qijk = 0 and Qˇ
abc = 0 but with nontrivial components of [B]Qˇαβγ =
− [B]Dˇαgˇβγ = [Qijk = 0, Qˇ
ab
i , Qˇ
a
jk, Qˇ
abc = 0].
4. Berwald metricl–affine dual bundles with prescribed torsion (BMADBT) are described
by a more general class of d–connections [BT ]Γˇαβγ = [L
i
jk, ∂bNˇai, 0, Cˇ
bc
a ] inducing
prescribed values τ ijk and τˇ
bc
a for d–torsions
[BT ]Tˇαβγ = [L
i
[jk] + τ
i
jk, 0, Ωˇiaj = δ[iNˇj]a, T
b
a j , Cˇ
[bc]
a + τˇ
bc
a ].
There are nontrivial components of nonmetricity d–field, [Bτ ]Qαβγ =
[BT ]Dˇαgˇβγ =(
Qijk = 0, Qˇ
ab
i , Qˇ
a
jk, Qˇ
abc = 0
)
.
5. Generalized metric–affine Hamilton bundles (GMAHB) are modeled on dual vector
bundles as spaces GHan =
(
V n, gˇij(x, p), [a]Γˇαβ
)
, provided with generic off–diagonal
metrics with associated N–connection inducing a cotangent bundle structure. The
d–metric gˇ[a] = [gij, hˇ
ab] and the d–connection [a]Γˇγαβ =
(
[a]Lijk,
[a]Cˇ jci
)
are similar
to those for usual Hamilton spaces, with distorsions [a] Zˇα β inducing general non-
trivial nonmetricity d–fields [a]Qˇαβγ . For canonical configurations,
[GH]Γˇγαβ , we obtain
[GH]Qˇαβγ = 0.
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6. Metric–affine Hamilton bundles (MAHB) are defied on dual bundles as spaces Han =(
V n, gˇij[H](x, p),
[b]Γˇαβ
)
, provided with Hamilton N–connection [H]Nˇij (x, p) and qua-
dratic form gˇij[H] for a Hamilton space H
n = (V n, H(x, p)) (see section 4.3.2) with a
d–connection structure [H]Γˇγαβ =
[H][Li jk, Cˇ
bc
a ] distorted by arbitrary torsion, Tˇ
α
βγ,
and nonmetricity d–fields, Qˇβγα, when Γˇ
α
β =
[H] ̂ˇΓαβ+ [H] Zˇα β. This is a particular case
of GMAHB spaces with prescribed types of N–connection [H]Nˇij and d–metric gˇ
[H]
αβ =
[gij[H] =
1
2
∂2H
∂pi∂pi
] to be like in the Hamilton geometry but with nontrivial nonmetricity.
7. Metric–affine Cartan bundles (MACB) are modeled on dual tangent bundles as spaces
Can =
(
V n, gˇij[K](x, p),
[c]Γˇαβ
)
being dual to the Finsler spaces. They are like usual
Cartan spaces, see section 4.2.5) but may contain distorsions induced by nonmetric-
ity Qˇαβγ . The d–metric is parametrized gˇ
[C]
αβ = [g
ij
[C] =
1
2
∂2K2
∂pi∂pi
] and the curvature
[C]Ωˇiaj of N–connection
[C]Nˇia is computed
[C]Ωˇiaj = δ[i
[C]Nˇj]a. The Cartan’s d–
connection [C]Γˇγαβ =
[C][Li jk, L
i
jk, Cˇ
bc
a , Cˇ
bc
a ] possess nontrivial d–torsions
[C]Tˇ βγα =
[Li [jk], Ωˇiaj , Cˇ
[bc]
a ] and d–curvatures [C]Rˇα.βγτ =
[C][Ri jkl, Pˇ
i a
jk , Sˇ
dbc
a ] computed follow-
ing Theorems 4.1 and 4.2 reformulated on cotangent bundles with explicit type of
N–connection Nˇ
[C]
ij d–metric gˇ
[C]
αβ and d–connection
[C]Γˇγαβ . Distorsions result in d–
connection Γˇαβγ =
[C]Γˇαβγ +
[C] Zˇα βγ. The nonmetricity d–fields are not trivial for
such spaces.
A.7 Teleparallel Finsler–Lagrange spaces
The teleparallel configurations can be modeled on vector and tangent bundles (the teleparal-
lel Finsler–affine spaces are defined in section 4.2.4, see also section 4.1.3 on locally isotropic
teleparallel spaces) were constructed as subclasses of metric–affine spaces on manifolds of
necessary smoothly class. The classification from Table 7 is a similar to that from Table 3
but for direct vector/ tangent bundle configurations with vanishing nonmetricity. Never-
theless, certain nonzero nonmetricity d–fields can be present if the Berwald d–connection
is considered or if we consider a metric–affine geometry in bundle spaces.
1. Teleparallel vector bundles (in brief, TVB) are provided with independent metric and
linear connection structures like in metric–affine spaces satisfying the condition of
vanishing curvature. The N–connection is associated to generic off–diagonal metrics.
The TVB spaces can be provided with a Weitzenbock connection [W ]Γαβγ(82) which
can be transformed in a d–connection one with respect to N–adapted frames. We can
model teleparallel geometries with local anisotropy by distorting the Levi–Civita or
the canonical d–connection Γαβγ (see Definition 2.11) both constructed from the com-
ponents of N–connection and d–metric. In general, such vector (in particular cases,
tangent) bundle geometries are characterized by d–torsions Tαβγ and nonmetricity
d–fields Qαβγ both constrained to the condition to result in zero d–curvatures.
2. Distinguished teleparallel vector bundles (DTVB, or vect. b.) are provided with
N–connection structure Nai , d–metric field (33) and arbitrary d–connection Γ
α
βγ with
64
vanishing d–curvatures. The geometric constructions are stated by the Weitzenbock–
affine d–connection [Wa]Γαβγ = Γ
α
▽ βγ + Zˆ
α
βγ + Z
α
βγ with distorsions by nonmetricity
d–fields preserving the condition of zero values for d–curvatures. The standard con-
structions from Finsler geometry and generalizations are with vanishing nonmetricity.
3. Teleparallel Berwald vector bundles (TBVB) are defined by Weitzenbock connections
of Berwald type strucutre, [WB]Γαβγ = Γ
α
▽ βγ + Zˆ
α
βγ + Z
α
βγ satisfying the condition
that the curvature is zero. By definition, such spaces satisfy the metricity conditions
in the h- and v–subspaces, Qijk = 0 and Qabc = 0, but, in general, there are nontrivial
nonmetricity d–fields because Qiab and Qajk do not vanish (see formulas (63)).
4. Teleparallel Berwald vector bundles with prescribed torsion (TBVBT) are defined by
a more general class of distorsions alsow resulting in the Weitzenbock d–connection,
[WBτ ]Γαβγ = Γ
α
▽ βγ + Zˆ
α
βγ + Z
α
βγ with prescribed values τ
i
jk and τ
a
bc in d–torsion,
[WB]Tαβγ = [L
i
[jk],+τ
i
jk, 0,Ω
a
ij, T
a
bj , C
a
[bc] + τ
a
bc],
characterized by the condition [WBτ ]Rαβγτ = 0 and nontrivial components of non-
metricity d–field, [WBτ ]Qαβγ = (Qcij, Qiab) .
5. Teleparallel generalized Lagrange spaces (TGL) are modeled on tangent bundles
(tang. b.) provided with generalized Lagrange d–metric and associated N–connection
inducing a tangent bundle structure being enabled with zero d–curvature. The
Weitzenblock–Lagrange d–connections [Wa]Γγαβ =
(
[Wa]Lijk,
[Wa]C ijc
)
, [WaL]Γαβγ
= Γα▽ βγ+Zˆ
α
βγ+Z
α
βγ are defined by a d–metric g[a] (112) Z
α
β inducing
[Wa]Rαβγτ = 0.
For simplicity, we consider the configurations when nonmetricity d–fields [Wa]Qαβγ =
0.
6. Teleparallel Lagrange spaces (TL) are modeled on tangent bundles provided with a La-
grange quadratic form g
[L]
ij (x, y) =
1
2
∂2L2
∂yi∂yj
(101) inducing the canonical N–connection
structure [cL]N = { [cL]N ij} (102) for a Lagrange space L
n = (V n, gij(x, y)) but with
vanishing d–curvature. The d–connection structure [WL]Γγαβ (of Weitzenblock–
Lagrange type) is the generated as a distortion by the Weitzenbock d–torsion, [W ]Tβ
when [WL]Γγαβ = Γ
α
▽ βγ + Zˆ
α
βγ + Z
α
βγ. For simplicity, we can consider configurations
with zero nonmetricity d–fields, Qβγα.
7. Teleparallel Finsler spaces (TF) are modeled on tangent bundles provided with a
quadratic form g
[F ]
ij =
1
2
∂2F 2
∂yi∂yj
(85) constructed from a Finsler metric F (xi, yj) . They
are also enabled with a canonical N–connection structure [F ]N = { [F ]N ij} (86) as in
the Finsler space Fn = (V n, F (x, y)) but with a Finsler–Weitzenbock d–connection
structure [WF ]Γγαβ , respective d–torsion,
[WF ]Tβ. We can write
[WF ]Γγαβ = Γ
α
▽ βγ +
Zˆαβγ +Z
α
βγ ,where Zˆ
α
βγ contains distorsions from the canonical Finsler d–connection
(88). Such distorsions are constrained to satisfy the condition of vanishing curvature
d–tensors (see section (4.2.4)) and, for simplicity, of vanishing nonmetricity, Qβγτ = 0.
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A.8 Teleparallel Hamilton–Cartan spaces
This subclass of Hamilton–Cartan spaces is modeled on dual vector/ tangent bundles being
similar to that outlined in Table 4 (on generalized Hamilton–Cartan geometry, see section
4.3.2 and Remark 4.3) and dual to the subclass outlined in Table 7. We outline the main
denotations and properties of such spaces and note that they are characterized by the
condition Rˇαβγτ = 0 and Qˇ
α
βγ = 0 with that exception that there are nontrivial nonmetricity
d–fields for Berwald configuratons.
1. Teleparallel dual vector bundles (TDVB, or d. vect. b.) are provided with generic
off–diagonal metrics and associated N–connections. In general, Qˇαβγ 6= 0.
2. Distinguished teleparallel dual vector bundles spaces (DTDVB) are provided with
independent d–metric, d–connection structures adapted to a N–connection in an ef-
fective dual vector bundle and resulting in zero d–curvatures. In general, Qˇαβγ 6= 0.
3. Teleparallel Berwald dual vector bundles (TBDVB) are provided with Berwald–Weitz-
enbock d–connection structure resulting in vanishing d–curvature.
4. Teleparallel Berwald dual vector bundles with prescribed d–torsion (TBDVB) are with
d–connections [BT ]Γˇαβγ = [L
i
jk, ∂bNˇai, 0, Cˇ
bc
a ] inducing prescribed values τ
i
jk and τˇ
bc
a
for d–torsions [BT ]Tˇαβγ = [L
i
[jk] + τ
i
jk, 0, Ωˇiaj = δ[iNˇj]a, T
b
a j, Cˇ
[bc]
a + τˇ bca ]. They are
described by certain distorsions to a Weitzenbock d–connection.
5. Teleparallel generalized Hamilton spaces (TGH) consist a subclass of generalized
Hamilton spaces with vanishing d–curvature structure, defined on dual tangent bun-
dles (d. tan. b.). They are described by distorsions to a Weitzenbock d–connection
[Wa]Γˇγαβ . In the simplest case, we consider
[Wa]Qˇαβγ = 0.
6. Teleparallel Hamilton spaces (TH, see section 4.1), as a particular subclass of TGH,
are provided with d–connection and N–connection structures corresponding to Hamil-
ton configurations.
7. Teleparallel Cartan spaces (TC) are particular Cartan configurations with absolut
teleparallelism.
A.9 Distinguished Riemann–Cartan spaces
A wide class of generalized Finsler geometries can be modeled on Riemann–Cartan spaces
by using generic off–diagonal metrics and associated N–connection structures. The locally
anisotropic metric–affine configurations from Table 1 transform into a Riemann–Cartan
ones if we impose the condition of metricity. For the Berwald type connections one could
be certain nontrivial nonmetricity d–fields on intersection of h- and v–subspaces. The local
coordinates xi are considered as certain holonomic ones and ya are anholonomic. We list
the short denotations and main properties of such spaces:
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1. Riemann–Cartan spaces (in brief, RC, see related details in section 3.5.1) are certain
manifolds V n+m of necessary smoothly class provided with metric structure gαβ and
linear connection structure Γαβγ (constructed as a distorsion by torsion of the Levi–
Civita connection) both satisfying the conditions of metric compatibility, Qαβγ = 0.
For generic off–diagonal metrics, a RC space always admits nontrivial N–connection
structures (see Proposition 3.4 reformulated for the case of vanishing nonmetricity).
In general, only the metric field gαβ can be transformed into a d–metric one, gαβ =
[gij, hab], but Γ
α
βγ may be not adapted to the N–connection structure.
2. Distinguished Riemann–Cartan spaces (DRC) are manifolds Vn+m provided with N–
connection structure Nai , d–metric field (33) and d–connection Γ
α
βγ (a distorsion of
the Levi–Civita connection, or of the canonical d–connection) satisfying the condition
Qαβγ = 0. In this case, the strengths
(
Tαβγ,R
α
βγτ
)
are N–adapted.
3. Berwald Riemann–Cartan (BRC) are modeled if a N–connection structure is defined
in a Riemann–Cartan space and distorting the connection to a Berwald d–connection
[B]D = [ [B]Γαβγ ] = [L̂
i
jk, ∂bN
a
k , 0, Ĉ
a
bc], see (62). By definition, this space satisfies the
metricity conditions in the h- and v–subspaces, Qijk = 0 and Qabc = 0, but, in general,
there are nontrivial nonmetricity d–fields because Qiab and Qajk are not vanishing (see
formulas (63)). Nonmetricities vanish with respect to holonomic frames.
4. Berwald Riemann–Cartan spaces with prescribed torsion (BRCT) are defined by a
more general class of d–connection [BT ]Γαβγ = [L
i
jk, ∂bN
a
k , 0, C
a
bc] inducing prescribed
values τ ijk and τ
a
bc in d–torsion
[BT ]Tαβγ = [L
i
[jk],+τ
i
jk, 0,Ω
a
ij, T
a
bj , C
a
[bc] + τ
a
bc], see
(65). The nontrivial components of nonmetricity d–fields are [Bτ ]Qαβγ = (Qcij , Qiab) .
Such components vanish with respect to holonomic frames.
5. Generalized Lagrange Riemann–Cartan spaces (GLRC) are modeled as distinguished
Riemann–Cartan spaces of odd–dimension, Vn+n, provided with generic off–diagonal
metrics with associated N–connection inducing a tangent bundle structure. The d–
metric g[a] (112) and the d–connection
[a]Γγαβ =
(
[a]Lijk,
[a]C ijc
)
(111) are those for
the usual Lagrange spaces (see Definition 4.3).
6. Lagrange Riemann–Cartan spaces (LRC, see Remark 4.1) are provided with a La-
grange quadratic form g
[L]
ij (x, y) =
1
2
∂2L2
∂yi∂yj
(101) inducing the canonical N–connection
structure [cL]N = { [cL]N ij} (102) for a Lagrange space L
n = (V n, gij(x, y)) (see Def-
inition 4.2)) and, for instance, with a canonical d–connection structure [b]Γγ α =
[b]Γγαβϑ
β satisfying metricity conditions for the d–metric defined by g
[L]
ij (x, y).
7. Finsler Riemann–Cartan spaces (FRC, see Remark 4.2) are defined by a quadratic
form g
[F ]
ij =
1
2
∂2F 2
∂yi∂yj
(85) constructed from a Finsler metric F (xi, yj) . It is induced
the canonical N–connection structure [F ]N = { [F ]N ij} (86) as in the Finsler space
Fn = (V n, F (x, y)) with [F ]Γ̂αβγ being the canonical Finsler d–connection (88).
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A.10 Distinguished (pseudo) Riemannian spaces
Sections 3.5.1 and 4.1.1 are devoted to modeling of locally anisotropic geometric config-
urations in (pseudo) Riemannian spaces enabled with generic off–diagonal metrics and
associated N–connection structure. Different classes of generalized Finsler metrics can be
embedded in (pseudo) Riemannian spaces as certain anholonomic frame configurations.
Every such space is characterized by a corresponding off–diagonal metric ansatz and Levi–
Civita connection stated with respect to coordinate frames or, alternatively (see Theorem
3.4), by certain N–connection and induced d–metric and d–connection structures related
to the Levi–Cevita connection with coefficients defined with respect to N–adapted anholo-
nomic (co) frames. We characterize every such type of (pseudo) Riemannian spaces both by
Levi–Civita and induced canonical/or Berwald d–connections which contain also induced
(by former off–diagonal metric terms) nontrivial d–torsion and/or nonmetricity d–fields.
1. (Pseudo) Riemann spaces (in brief, pR) are certain manifolds V n+m of necessary
smoothly class provided with generic off–diagonal metric structure gαβ of arbitrary
signature inducing the unique torsionless and metric Levi–Civita connection Γα▽βγ.
We can effectively diagonalize such metrics by anholonomic frame transforms with
associated N–connection structure. We can also consider alternatively the canon-
ical d–connection Γ̂αβγ = [L
i
jk, L
a
bk, C
i
jc, C
a
bc] (56)defined by the coefficients of d–
metric gαβ = [gij, hab] and N–connection N
a
i . We have nontrivial d–torsions T̂
α
βγ, but
T α▽βγ = 0, Q
▽
αβγ = 0 and Qˆαβγ = 0. The simplest anholonomic configurations are
characterized by associated N–connections with vanishing N–connection curvature,
Ωaij = δ[iN
a
j] = 0. The d–torsions T̂
α
βγ = [L̂
i
[ jk], Ĉ
i
ja,Ω
a
ij, T̂
a
bj , Ĉ
a
[bc]] and d–curvatures
R̂αβγτ = [R̂
i
jkl, R̂
a
bkl, P̂
i
jka, P̂
c
bka, Ŝ
i
jbc, Ŝ
a
dbc] are computed by introducing the com-
ponents of Γ̂αβγ , respectively, in formulas (45) and (48).
2. Distinguished (pseudo) Riemannian spaces (DpR) are defined as manifolds Vn+m
provided with N–connection structure Nai , d–metric field and d–connection Γ
α
βγ (a
distorsion of the Levi–Civita connection, or of the canonical d–connection) satisfying
the condition Qαβγ = 0.
3. Berwald (pseudo) Riemann spaces (pRB) are modeled if a N–connection structure is
defined by a generic off–diagonal metric. The Levi–Civita connection is distorted to a
Berwald d–connection [B]D = [ [B]Γαβγ] = [L̂
i
jk, ∂bN
a
k , 0, Ĉ
a
bc], see (62). By definition,
this space satisfies the metricity conditions in the h- and v–subspaces, Qijk = 0 and
Qabc = 0, but, in general, there are nontrivial nonmetricity d–fields because Qiab
and Qajk are not vanishing (see formulas (63)). Such nonmetricities vanish with
respect to holonomic frames. The torsion is zero for the Levi–Civita connection but
[B]Tαβγ = [L
i
[jk], 0,Ω
a
ij, T
a
bj, C
a
[bc]] is not trivial.
4. Berwald (pseudo) Riemann spaces with prescribed d–torsion (pRBT) are defined by
a more general class of d–connection [BT ]Γαβγ = [L
i
jk, ∂bN
a
k , 0, C
a
bc] inducing pre-
scribed values τ ijk and τ
a
bc in d–torsion
[BT ]Tαβγ = [L
i
[jk],+τ
i
jk, 0,Ω
a
ij, T
a
bj , C
a
[bc] +
τabc], see (65). The nontrivial components of nonmetricity d–fields are
[Bτ ]Qαβγ =(
[Bτ ]Qcij,
[Bτ ]Qiab
)
. Such components vanish with respect to holonomic frames.
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5. Generalized Lagrange (pseudo) Riemannian spaces (pRGL) are modeled as distin-
guished Riemann spaces of odd–dimension, Vn+n, provided with generic off–diagonal
metrics with associated N–connection inducing a tangent bundle structure. The d–
metric g[a] (112) and the d–connection
[a]Γγαβ =
(
[a]Lijk,
[a]C ijc
)
(111) are those for
the usual Lagrange spaces (see Definition 4.3) but on a (pseudo) Riemann manifold
with prescribed N–connection structure.
6. Lagrange (pseudo) Riemann spaces (pRL) are provided with a Lagrange quadratic
form g
[L]
ij (x, y) =
1
2
∂2L2
∂yi∂yj
(101) inducing the canonical N–connection structure [cL]N =
{ [cL]N ij} (102) for a Lagrange space L
n = (V n, gij(x, y)) and, for instance, provided
with a canonical d–connection structure [b]Γγ α =
[b]Γγαβϑ
β satisfying metricity
conditions for the d–metric defined by g
[L]
ij (x, y). There is an alternative construction
with Levi–Civita connection.
7. Finsler (pseudo) Riemann (FpR) are defined by a quadratic form g
[F ]
ij =
1
2
∂2F 2
∂yi∂yj
(85)
constructed from a Finsler metric F (xi, yj) . It is induced the canonical N–connection
structure [F ]N = { [F ]N ij} (86) as in the Finsler space F
n = (V n, F (x, y)) with
[F ]Γ̂αβγ being the canonical Finsler d–connection (88).
A.11 Teleparallel spaces
Teleparallel spaces were considered in sections 4.1.3 and 4.2.4. Here we classify what type of
locally isotropic and anisotropic structures can be modeled in by anholonomic transforms
of (pseudo) Riemannian spaces to teleparallel ones. The anholonomic frame structures
are with associated N–connection with the components defined by the off–diagonal metric
coefficients.
1. Teleparallel spaces (in brief, T) are usual ones with vanishing curvature, modeled on
manifolds V n+m of necessary smoothly class provided, for instance, with the Weitzen-
bock connection [W ]Γαβγ(82) which can be transformed in a d–connection one with
respect to N–adapted frames. In general, such geometries are characterized by tor-
sion [W ]T αβγ constrained to the condition to result in zero d–curvatures. The simplest
theories are with vanishing nonmetricity.
2. Distinguished teleparallel spaces (DT) are manifoldsVn+m provided with N–connecti-
on structure Nai , d–metric field (33) and arbitrary d–connection Γ
α
βγ with vanishing d–
curvatures. The geometric constructions are stated by the Weitzenbock d–connection
[Wa]Γαβγ = Γ
α
▽ βγ+ Zˆ
α
βγ+Z
α
βγ with distorsions without nonmetricity d–fields preserv-
ing the condition of zero values for d–curvatures.
3. Teleparallel Berwald spaces (TB) are defined by distorsions of the Weitzenbock con-
nection on a manifold V n+m to any Berwald like strucutre, [WB]Γαβγ = Γ
α
▽ βγ+ Zˆ
α
βγ+
Zαβγ satisfying the condition that the curvature is zero. All constructions with ef-
fective off–diagonal metrics can be adapted to the N–connection and considered for
d–objects. Such spaces satisfy the metricity conditions in the h- and v–subspaces,
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Qijk = 0 and Qabc = 0, but, in general, there are nontrivial nonmetricity d–fields,
Qiab and Qajk.
4. Teleparallel Berwald spaces with prescribed torsion (TBT) are defined by a more
general class of distorsions resulting in the Weitzenbock d–connection,
[WBτ ]Γαβγ = Γ
α
▽ βγ + Zˆ
α
βγ + Z
α
βγ,
having prescribed values τ ijk and τ
a
bc in d–torsion
[WB]Tαβγ = [L
i
[jk],+τ
i
jk, 0,Ω
a
ij, T
a
bj , C
a
[bc] + τ
a
bc]
and characterized by the condition [WBτ ]Rαβγτ = 0 with certain nontrivial nonmetric-
ity d–fields, [WBτ ]Qαβγ =
(
[WBτ ]Qcij,
[WBτ ]Qiab
)
.
5. Teleparallel generalized Lagrange spaces (TGL) are modeled as Riemann–Cartan
spaces of odd–dimension, Vn+n, provided with generalized Lagrange d–metric and
associated N–connection inducing a tangent bundle structure with zero d–curvature.
The Weitzenblock–Lagrange d–connection [Wa]Γγαβ = (
[Wa]Lijk,
[Wa]C ijc), where
[Wa]Γαβγ = Γ
α
▽ βγ + Zˆ
α
βγ + Z
α
βγ, are defined by a d–metric g[a] (112) with Z
α
β in-
ducing zero nonmetricity d–fields, [a]Qαβγ = 0 and zero d–curvature,
[Wa]Rαβγτ = 0.
6. Teleparallel Lagrange spaces (TL, see section 4.1) are Riemann–Cartan spaces Vn+n
provided with a Lagrange quadratic form g
[L]
ij (x, y) =
1
2
∂2L2
∂yi∂yj
(101) inducing the
canonical N–connection structure [cL]N = { [cL]N ij} (102) for a Lagrange space L
n =
(V n, gij(x, y)) but with vanishing d–curvature. The d–connection structure
[WL]Γγαβ
(of Weitzenblock–Lagrange type) is the generated as a distortion by the Weitzenbock
d–torsion, [W ]Tβ, but zero nonmetricity d–fields,
[WL]Qβγα = 0, when
[WL]Γγαβ =
Γα▽ βγ + Zˆ
α
βγ + Z
α
βγ.
7. Teleparallel Finsler spaces (TF) are Riemann–Cartan manifolds Vn+n defined by a
quadratic form g
[F ]
ij =
1
2
∂2F 2
∂yi∂yj
(85) and a Finsler metric F (xi, yj) . They are provided
with a canonical N–connection structure [F ]N = { [F ]N ij} (86) as in the Finsler
space Fn = (V n, F (x, y)) but with a Finsler–Weitzenbock d–connection structure
[WF ]Γγαβ , respective d–torsion,
[WF ]Tβ, and vanishing nonmetricity,
[WF ]Qβγτ = 0,
d–fields, [WF ]Γγαβ = Γ
α
▽ βγ + Zˆ
α
βγ + Z
α
βγ,where Zˆ
α
βγ contains distorsions from the
canonical Finsler d–connection (88).
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Space
N–connection/
N–curvature
metric/
d–metric
(d–)connection/
(d-)torsion
(d-)curvature/
(d–)nonmetricity
1. MA
Nai ,Ω
a
ij
off.d.m. gαβ,
gαβ = [gij , hab]
Γαβγ
T αβγ
Rαβγτ
Qαβγ
2. DMA
Nai ,Ω
a
ij
gαβ = [gij , hab]
Γαβγ
Tαβγ
Rαβγτ
Qαβγ
3. BA
Nai ,Ω
a
ij
off.d.m. gαβ,
gαβ = [gij , hab]
[B]Γαβγ
[B]Tαβγ
[B]Rαβγτ
[B]Qαβγ = [Qiab, Qajk]
4. BAT
Nai ,Ω
a
ij
off.d.m. gαβ,
gαβ = [gij , hab]
[BT ]Γαβγ
[BT ]Tαβγ
[BT ]Rαβγτ
[BT ]Qαβγ = [Qiab, Qajk]
5. GLA
dim i = dim a
Nai ,Ω
a
ij
off.d.m. gαβ,
g[a] = [gij, hkl]
[a]Γγαβ
[a]Tαβγ
[a]Rαβγτ
[a]Qαβγ
6. LA
dim i = dim a
[cL]N ij ,
[cL]Ωaij
d–metr.g
[L]
αβ
[b]Γγαβ
[b]Tαβγ
[b]Rαβγτ
[b]Qαβγ = −
[b]Dαg
[L]
βγ
7. FA
dim i = dim a
[F ]N ij ;
[F ]Ωkij
d–metr.g
[F ]
αβ
[f ]Γγαβ
[f ]Tαβγ
[f ]Rαβγτ
[f ]Qαβγ = −
[f ]Dαg
[F ]
βγ
Table 1: Generalized Lagrange–affine spaces
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Space
N–connection/
N–curvature
metric/
d–metric
(d–)connection/
(d-)torsion
(d-)curvature/
(d–)nonmetricity
1. MDA
Nˇai, Ωˇiaj
off.d.m. gˇαβ
gˇαβ = [gij , hˇ
ab]
Γˇαβγ
Tˇ αβγ
Rˇαβγτ
Qˇαβγ = −Dˇαgˇβγ
2. DMDA
Nˇai, Ωˇiaj
gˇαβ = [gij , hˇ
ab]
Γˇαβγ
Tˇαβγ
Rˇαβγτ
Qˇαβγ
3. BDA
Nˇai, Ωˇiaj
off.d.m. gαβ,
gˇαβ = [gij , hˇ
ab]
[B]Γˇαβγ
[B]Tˇαβγ
[B]Rˇαβγτ
[B]Qˇαβγ = [0, Qˇ
ab
i , Qˇ
a
jk, 0]
4. BDAT
Nˇai, Ωˇiaj
off.d.m. gαβ,
gˇαβ = [gij , hˇ
ab]
[BT ]Γˇαβγ
[BT ]Tˇαβγ
[BT ]Rˇαβγτ
[BT ]Qˇ
[BT ]
αβγ = [0, Qˇ
ab
i , Qˇ
a
jk, 0]
5. GHA
dim i = dim a.
Nˇia, Ωˇiaj
off.d.m. gαβ,
gˇ[a] = [gij, hˇ
ij]
[a]Γˇγαβ
[a]Tˇαβγ
[a]Rˇαβγτ
[a]Qˇαβγ
6. HA
dim i = dim a
[H]Nˇia,
[H]Ωˇiaj
d–metr.gˇ
[H]
αβ
[H]Γˇγαβ
[H]Tˇαβγ
[H]Rˇαβγτ
[H]Qˇαβγ = −
[H]Dˇαgˇ
[L]
βγ
7. CA
dim i = dim a
[C]Nˇia;
[C]Ωˇiaj
d–metr. gˇ
[C]
αβ
[C]Γˇαβγ
[C]Tˇαβγ
[C]Rˇαβγτ
[C]Qˇαβγ = −
[C]Dαg
[C]
βγ
Table 2: Generalized Hamilton–affine spaces
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Space
N–connection/
N–curvature
metric/
d–metric
(d–)connection/
(d-)torsion
(d-)curvature/
(d–)nonmetricity
1. TMA
Nai ,Ω
a
ij
off.d.m. gαβ,
gαβ = [gij , hab]
[W ]Γαβγ
[W ]T αβγ
[W ]Rαβγτ = 0
[W ]Qαβγ
2. DTMA
Nai ,Ω
a
ij
gαβ = [gij , hab]
[Wa]Γαβγ
[Wa]Tαβγ
[Wa]Rαβγτ = 0
[Wa]Qαβγ
3. TBA
Nai ,Ω
a
ij
off.d.m. gαβ,
gαβ = [gij , hab]
[WB]Γαβγ
[WB]Tαβγ
[WB]Rαβγτ = 0
[WB]Qαβγ = [Qiab, Qajk]
4. TBAT
Nai ,Ω
a
ij
off.d.m. gαβ,
gαβ = [gij , hab]
[WBτ ]Γαβγ
[WBτ ]Tαβγ
[WBτ ]]Rαβγτ = 0
[WBτ ]Qαβγ = [Qiab, Qajk]
5. TGLA
dim i = dim a
Nai ,Ω
a
ij
off.d.m. gαβ,
g[a] = [gij, hkl]
[Wa]Γγαβ
[Wa]Tαβγ
[Wa]Rαβγτ = 0
[Wa]Qαβγ
6. TLA
dim i = dim a
[cL]N ij ,
[cL]Ωaij
d–metr.g
[L]
αβ
[WL]Γγαβ
[WL]Tαβγ
[WL]Rαβγτ = 0
Qαβγ = −Dαg
[L]
βγ
7. TFA
dim i = dim a
[F ]N ij ;
[F ]Ωkij
d–metr.g
[F ]
αβ
[WF ]Γγαβ
[WF ]Tαβγ
[WF ]Rαβγτ = 0
Qαβγ = −Dαg
[F ]
βγ
Table 3: Teleparallel Lagrange–affine spaces
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Space
N–connection/
N–curvature
metric/
d–metric
(d–)connection/
(d-)torsion
(d-)curvature/
(d–)nonmetricity
1. TMDA
Nˇai, Ωˇiaj = δ[iNˇj]a
off.d.m. gˇαβ
gˇαβ = [gij, hˇ
ab]
[W ]Γˇαβγ
[W ]Tˇ αβγ
Rˇαβγτ = 0
Qˇαβγ
2. DTMDA
Nˇai, Ωˇiaj = δ[iNˇj]a
gˇαβ = [gij, hˇ
ab]
[Wa]Γˇαβγ
[Wa]Tˇαβγ
[Wa]Rˇαβγτ = 0
[Wa]Qˇαβγ
3. TBDA
Nˇai, Ωˇiaj = δ[iNˇj]a
off.d.m. gαβ,
gˇαβ = [gij, hˇ
ab]
[WB]Γˇαβγ
[WB]Tˇαβγ
[B]Rˇαβγτ = 0
[B]Qˇαβγ = [Qˇ
ab
i , Qˇ
a
jk]
4. TDBAT
Nˇai, Ωˇiaj = δ[iNˇj]a
off.d.m. gαβ,
gˇαβ = [gij, hˇ
ab]
[WBτ ]Γˇαβγ
[WBτ ]Tˇαβγ
[WBτ ]Rˇαβγτ = 0
[WBτ ]Qˇαβγ = [Qˇ
ab
i , Qˇ
a
jk]
5. TDGHA
dim i = dim a.
Nˇia, Ωˇiaj
gˇαβ = [gij, hˇ
ij ]
[Wa]Γˇαβγ
[Wa]Tˇαβγ
[Wa]Rˇαβγτ = 0
[a]Qˇαβγ
6. TDHA
dim i = dim a
[H]Nˇia,
[H]Ωˇiaj
d–metr.gˇ
[H]
αβ
[WH]Γˇαβγ
[WH]Tˇαβγ
[WH]Rˇαβγτ = 0
[H]Qˇαβγ = −
[H]Dˇαgˇ
[L]
βγ
7. TDCA
dim i = dim a
[C]Nˇia;
[C]Ωˇiaj
d–metr. gˇ
[C]
αβ
[CW ]Γˇαβγ
[CW ]Tˇαβγ
[CW ]Rˇαβγτ = 0
[CW ]Qˇαβγ = −
[CW ]Dˇαgˇ
[C]
βγ
Table 4: Teleparallel Hamilton–affine spaces
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Space
N–connection/
N–curvature
metric/
d–metric
(d–)connection/
(d-)torsion
(d-)curvature/
(d–)nonmetricity
1. MAVB
Nai ,Ω
a
ij ,off.d.m
vect.bundle
gαβ, total space
gαβ = [gij , hab]
Γαβγ, total space
T αβγ
Rαβγτ
Qαβγ = 0;
Qαβγ 6= 0
for MA str.
2. DMAVB
Nai ,Ω
a
ij
gαβ = [gij, hab]
Γαβγ
Tαβγ
Rαβγτ
Qαβγ = 0;
Qαβγ 6= 0
for DMA str.
3. BMATB
Nai ,Ω
a
ij
off.d.m. gαβ ,
gαβ = [gij , hab]
[B]Γαβγ
[B]Tαβγ
[B]Rαβγτ
[B]Qαβγ = [Qiab, Qajk]
4. BMATBT
Nai ,Ω
a
ij
off.d.m. gαβ ,
gαβ = [gij , hab]
[BT ]Γαβγ
[BT ]Tαβγ
[BT ]Rαβγτ
[BT ]Qαβγ = [Qiab, Qajk]
5. GLMAB
dim i = dim a
Nai ,Ω
a
ij
off.d.m. gαβ ,
g[gL] = [gij , hkl]
Γ̂αβγ,Γ
α
βγ
T̂αβγ ,T
α
βγ
R̂αβγτ ,R
α
βγτ
Q̂αβγ = 0
Qαβγ 6= 0
6. LMAB
dim i = dim a
[L]Nai ,
[L]Ωaij
d–metr.g
[L]
αβ =
[g
[L]
ij =
1
2
∂2L2
∂yi∂yj
]
[L]Γαβγ
[b]
Γαβγ
[L]Tαβγ,
[b]Tαβγ
[L]Rαβγτ
[b]Rαβγτ
[L]Qαβγ = 0
[b]Qαβγ 6= 0
7. FMAB
dim i = dim a
[F ]N ij ;
[F ]Ωkij
d–metr.g
[F ]
αβ =
[g
[F ]
ij =
1
2
∂2F 2
∂yi∂yj
]
[F ]Γ̂αβγ
[f ]Γαβγ
[F ]T̂αβγ
[f ]Tαβγ
[F ]Rαβγτ
[f ]Rαβγτ
[F ]Qαβγ = 0
[f ]Qαβγ 6= 0
Table 5: Generalized Finsler–Lagrange spaces
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Space
N–connection/
N–curvature
metric/
d–metric
(d–)connection/
(d-)torsion
(d-)curvature/
(d–)nonmetricity
1. MADVB
Nˇai, Ωˇiaj
total space
off.d.m. gˇαβ
gˇαβ = [gij, hˇ
ab]
Γˇαβγ
Tˇ αβγ
Rˇαβγτ
Qˇαβγ = −Dˇαgˇβγ
2. DMADVB
Nˇai, Ωˇiaj
gˇαβ = [gij, hˇ
ab]
Γˇαβγ
Tˇαβγ
Rˇαβγτ
Qˇαβγ
3. BMADB
Nˇai, Ωˇiaj
gˇαβ = [gij, hˇ
ab]
[B]Γˇαβγ
[B]Tˇαβγ
[B]Rˇαβγτ
[B]Qˇαβγ = [Qˇ
ab
i , Qˇ
a
jk]
4. BMADBT
Nˇai, Ωˇiaj
gˇαβ = [gij, hˇ
ab]
[BT ]Γˇαβγ
[BT ]Tˇαβγ
[BT ]Rˇαβγτ
[BT ]Qˇαβγ = [Qˇ
ab
i , Qˇ
a
jk]
5. GMAHB
dim i = dim a
Nˇia, Ωˇiaj
gˇαβ = [gij, hˇ
ab]
[a]Γˇγαβ,
[GH] Γˇγαβ
[a]Tˇαβγ ,
[GH] Tˇαβγ
[a]Rˇαβγτ ,
[GH] Rˇαβγτ
[a]Qˇαβγ 6= 0
[H]Qˇαβγ = 0
6. MAHB
dim i = dim a
[H]Nˇia,
[H]Ωˇiaj
d–metr.gˇ
[H]
αβ
[H]Γˇγαβ , Γˇ
γ
αβ
[H]Tˇαβγ, Tˇ
α
βγ
[H]Rˇαβγτ , Rˇ
α
βγτ
[H]Qˇαβγ = 0
Qˇαβγ 6= 0
7. MACB
dim i = dim a
[C]Nˇia;
[C]Ωˇiaj
d–metr. gˇ
[C]
αβ
[C]Γˇαβγ , Γˇ
α
βγ
[C]Tˇαβγ, Tˇ
α
βγ
[C]Rˇαβγτ , Rˇ
α
βγτ
[C]Qˇαβγ = 0
[C]Qˇαβγ 6= 0
Table 6: Generalized Hamilton–Cartan spaces
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Space
N–connection/
N–curvature
metric/
d–metric
(d–)connection/
(d-)torsion
(d-)curvature/
(d–)nonmetricity
1. MADVB
Nˇai, Ωˇiaj
total space
off.d.m. gˇαβ
gˇαβ = [gij , hˇ
ab]
Γˇαβγ
Tˇ αβγ
Rˇαβγτ
Qˇαβγ = −Dˇαgˇβγ
2. DMADVB
Nˇai, Ωˇiaj
gˇαβ = [gij, hˇ
ab]
Γˇαβγ
Tˇαβγ
Rˇαβγτ
Qˇαβγ
3. BMADB
Nˇai, Ωˇiaj
gˇαβ = [gij, hˇ
ab]
[B]Γˇαβγ
[B]Tˇαβγ
[B]Rˇαβγτ
[B]Qˇαβγ = [Qˇ
ab
i , Qˇ
a
jk]
4. BMADBT
Nˇai, Ωˇiaj
gˇαβ = [gij, hˇ
ab]
[BT ]Γˇαβγ
[BT ]Tˇαβγ
[BT ]Rˇαβγτ
[BT ]Qˇαβγ = [Qˇ
ab
i , Qˇ
a
jk]
5. GMAHB
dim i = dim a
Nˇia, Ωˇiaj
gˇαβ = [gij, hˇ
ab]
[a]Γˇγαβ ,
[GH] Γˇγαβ
[a]Tˇαβγ,
[GH] Tˇαβγ
[a]Rˇαβγτ ,
[GH] Rˇαβγτ
[a]Qˇαβγ 6= 0
[H]Qˇαβγ = 0
6. MAHB
dim i = dim a
[H]Nˇia,
[H]Ωˇiaj
d–metr.gˇ
[H]
αβ
[H]Γˇγαβ, Γˇ
γ
αβ
[H]Tˇαβγ, Tˇ
α
βγ
[H]Rˇαβγτ , Rˇ
α
βγτ
[H]Qˇαβγ = 0
Qˇαβγ 6= 0
7. MACB
dim i = dim a
[C]Nˇia;
[C]Ωˇiaj
d–metr. gˇ
[C]
αβ
[C]Γˇαβγ , Γˇ
α
βγ
[C]Tˇαβγ , Tˇ
α
βγ
[C]Rˇαβγτ , Rˇ
α
βγτ
[C]Qˇαβγ = 0
[C]Qˇαβγ 6= 0
Table 7: Teleparallel Finsler–Lagrange spaces
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Space
N–connection/
N–curvature
metric/
d–metric
(d–)connection/
(d-)torsion
(d-)curvature/
(d–)nonmetricity
1. TDVB
Nˇai, Ωˇiaj = δ[iNˇj]a
gˇαβ , d. vect. b.
gˇαβ = [gij, hˇ
ab],
[W ]Γˇαβγ
[W ]Tˇ αβγ
Rˇαβγτ = 0
Qˇαβγ
2. DTDVB
Nˇai, Ωˇiaj = δ[iNˇj]a
gˇαβ = [gij , hˇ
ab]
[Wa]Γˇαβγ
[Wa]Tˇαβγ
[Wa]Rˇαβγτ = 0
[Wa]Qˇαβγ
3. TBDVB
Nˇai, Ωˇiaj = δ[iNˇj]a
gˇαβ = [gij , hˇ
ab]
[WB]Γˇαβγ
[WB]Tˇαβγ
[WB]Rˇαβγτ = 0
[WB]Qˇαβγ = [Qˇiab, Qˇajk]
4. TBDVB
Nˇai, Ωˇiaj = δ[iNˇj]a
gˇαβ = [gij , hˇ
ab]
[WBτ ]Γˇαβγ
[WBτ ]Tˇαβγ
[WBτ ]Rˇαβγτ = 0
[WBτ ]Qˇαβγ = [Qˇiab, Qˇajk]
5. TGH
dim i = dim a
Nˇia, Ωˇiaj ,
d. tan. b.
gˇαβ = [gij , hˇ
ij]
[Wa]Γˇαβγ
[Wa]Tˇαβγ
[Wa]Rˇαβγτ = 0
[Wa]Qˇαβγ = 0
6. TH
dim i = dim a
[H]Nˇia,
[H]Ωˇiaj
d–metr.gˇ
[H]
αβ
[WH]Γˇαβγ
[WH]Tˇαβγ
[WH]Rˇαβγτ = 0
[WH]Qˇαβγ = 0
7. TC
dim i = dim a.
[C]Nˇia;
[C]Ωˇiaj
d–metr. gˇ
[C]
αβ
[CW ]Γˇαβγ
[CW ]Tˇαβγ
[CW ]Rˇαβγτ = 0
[CW ]Qˇαβγ = 0
Table 8: Teleparallel Hamilton–Cartan spaces
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Space
N–connection/
N–curvature
metric/
d–metric
(d–)connection/
(d-)torsion
(d-)curvature/
(d–)nonmetricity
1. RC
Nai ,Ω
a
ij
off.d.m. gαβ ,
gαβ = [gij , hab]
Γαβγ
T αβγ
Rαβγτ
Qαβγ = 0
2. DRC
Nai ,Ω
a
ij
gαβ = [gij, hab]
Γαβγ
Tαβγ
Rαβγτ
Qαβγ = 0
3. BRC
Nai ,Ω
a
ij
off diag. gαβ,
gαβ = [gij , hab]
[B]Γαβγ
[B]Tαβγ
[B]Rαβγτ
[B]Qαβγ = [Qiab, Qajk]
4. BRCT
Nai ,Ω
a
ij
off diag. gαβ,
gαβ = [gij , hab]
[BT ]Γαβγ
[BT ]Tαβγ
[BT ]Rαβγτ
[BT ]Qαβγ = [Qiab, Qajk]
5. GLRC
dim i = dim a
Nai ,Ω
a
ij
off diag. gαβ,
g[a] = [gij, hkl]
[a]Γαβγ
[a]Tαβγ
[a]Rαβγτ
[a]Qαβγ = 0
6. LRC
dim i = dim a
[cL]N ij ,
[cL]Ωaij
d–metr.g
[L]
αβ
Γˆγαβ
Tˆαβγ
Rˆαβγτ
Qˆαβγ = 0
7. FRC
dim i = dim a.
[F ]N ij ;
[F ]Ωkij
d–metr.g
[F ]
αβ
[F ]Γ̂αβγ
[F ]T̂αβγ
[F ]Rˆαβγτ
[F ]Qˆαβγ = 0
Table 9: Distinguished Riemann–Cartan spaces
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Space
N–connection/
N–curvature
metric/
d–metric
(d–)connection/
(d-)torsion
(d-)curvature/
(d–)nonmetricity
1. pR
Nai , off-d.metr.
Ωaij = 0, 6= 0
gαβ , gαβ =
[gij , hab]
▽ = [Γα▽βγ]
D̂ = [Γ̂αβγ ]
T α▽ βγ = 0
T̂αβγ 6= 0
Rα▽βγτ
R̂αβγτ
Q▽αβγ = 0
Q̂αβγ = 0
2. DpR
Nai , off-d.metr.
Ωaij = 0, 6= 0
gαβ , gαβ =
[gij , hab]
▽ = [Γα▽βγ]
D = [Γαβγ ]
T α▽ βγ = 0
Tαβγ 6= 0
Rα▽βγτ
Rαβγτ
Q▽αβγ = 0
Qαβγ = 0
3. pRB
Nai , off-d.metr.
Ωaij = 0, 6= 0
gαβ , gαβ =
[gij , hab]
▽ = [Γα▽βγ]
[B]D = [ [B]Γαβγ ]
T α▽ βγ = 0
[B]Tαβγ
Rα▽βγτ
[B]Rαβγτ
Q▽αβγ = 0
[B]Qαβγ 6= 0
4. pRBT
Nai , off-d.metr.
Ωaij = 0, 6= 0
gαβ , gαβ =
[gij , hab]
▽ = [Γα▽βγ]
[BT ]D = [[BT ]Γαβγ ]
T α▽ βγ = 0
[BT ]Tαβγ
Rα▽βγτ
[BT ]Rαβγτ
Q▽αβγ = 0
[BT ]Qαβγ 6= 0
5. pRGL
Nai ; dim i = dim a
Ωaij = 0, 6= 0
gαβ =
[gij , hab]
▽ = [Γα▽βγ]
D̂ = [Γ̂αβγ ]
T α▽ βγ = 0
T̂αβγ
Rα▽βγτ
R̂αβγτ
Q▽αβγ = 0
Q̂αβγ = 0
6. pRL
[L]Nai ; dim i = dim a
[L]Ωaij = 0, 6= 0
g
[L]
αβ = [g
[L]
ij , g
[L]
ij ]
[g
[L]
ij =
1
2
∂2L2
∂yi∂yj
]
▽ = [Γα▽βγ]
[L]D = [ [L]Γαβγ ]
T α▽ βγ = 0
[L]Tαβγ
Rα▽βγτ
[L]Rαβγτ
Q▽αβγ = 0
[L]Qαβγ = 0
7. pRF
[F ]Nai ; dim i = dim a
[F ]Ωaij = 0, 6= 0
g
[F ]
αβ = [g
[F ]
ij ]
[g
[F ]
ij =
1
2
∂2F 2
∂yi∂yj
]
▽ = [Γα▽βγ]
[F ]D̂ = [ [F ]Γ̂αβγ ]
T α▽ βγ = 0
[F ]T̂αβγ
Rα▽βγτ
[F ]Rˆαβγτ
Q▽αβγ = 0
[F ]Q̂αβγ = 0
Table 10: Distinguished (pseudo) Riemannian spaces
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Space
N–connection/
N–curvature
metric/
d–metric
(d–)connection/
(d-)torsion
(d-)curvature/
(d–)nonmetricity
1. T
Nai ,Ω
a
ij
off.d.m. gαβ ,
gαβ = [gij , hab]
[W ]Γαβγ
[W ]T αβγ
Rαβγτ = 0
Qαβγ = 0
2. DT
Nai ,Ω
a
ij
gαβ = [gij, hab]
[Wa]Γαβγ
[Wa]Tαβγ
[Wa]Rαβγτ = 0
[Wa]Qαβγ = 0
3. TB
Nai ,Ω
a
ij
gαβ = [gij, hab]
[WB]Γαβγ
[WB]Tαβγ
[WB]Rαβγτ = 0
[WB]Qαβγ = [Qiab, Qajk]
4. TBT
Nai ,Ω
a
ij
gαβ = [gij, hab]
[WBτ ]Γαβγ
[WBτ ]Tαβγ
[WBτ ]Rαβγτ = 0
[WBτ ]Qαβγ = [Qiab, Qajk]
5. TGL
dim i = dim a
Nai ,Ω
a
ij
g[a] = [gij, hkl]
[Wa]Γγαβ
[Wa]Tαβγ
[Wa]Rαβγτ = 0
[Wa]Qαβγ = 0
6. TL
dim i = dim a
[cL]N ij ,
[cL]Ωaij
d–metr.g
[L]
αβ
[WL]Γγαβ
[WL]Tαβγ
[WL]Rαβγτ = 0
[WL]Qαβγ = 0
7. TF
dim i = dim a
[F ]N ij ;
[F ]Ωkij
d–metr.g
[F ]
αβ
[WF ]Γγαβ
[WF ]Tαβγ
[WF ]Rαβγτ = 0
[WF ]Qαβγ = 0
Table 11: Teleparallel spaces
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